
Rules for integrands of the form (a +b Tan[e + f x])m (c + d Tan[e + f x])n (A + B Tan[e + f x])

1:  a + b Tane + f x
m
c + d Tane + f x

n
A + B Tane + f x ⅆx when b c + a d⩵ 0 ∧ a2 + b2 ⩵ 0

Derivation: Integration by substitution

Basis: If  b c + a d ⩵ 0 ∧ a2 + b2 ⩵ 0, then (a + b Tan[e + f x])m (c + d Tan[e + f x])n ⩵
a c
f
Subst(a + b x)m-1 (c + d x)n-1, x, Tan[e + f x] ∂x Tan[e + f x]

◼
Rule: If  b c + a d ⩵ 0 ∧ a2 + b2 ⩵ 0, then

 a + b Tane + f x
m
c + d Tane + f x

n
A + B Tane + f x ⅆx ⟶

a c

f
Subst (a + b x)m-1 (c + d x)n-1 (A + B x) ⅆx, x, Tane + f x

◼
Program code:

Inta_+b_.*tane_.+f_.*x_^m_.*c_+d_.*tane_.+f_.*x_^n_.*A_.+B_.*tane_.+f_.*x_,x_Symbol :=

a*cf*SubstInt[(a+b*x)^(m-1)*(c+d*x)^(n-1)*(A+B*x),x],x,Tane+f*x /;

FreeQa,b,c,d,e,f,A,B,m,n,x && EqQ[b*c+a*d,0] && EqQ[a^2+b^2,0]



2.  a + b Tane + f x
m
c + d Tane + f x A + B Tane + f x ⅆx when b c - a d ≠ 0

1.  a + b Tane + f x
m
c + d Tane + f x A + B Tane + f x ⅆx when b c - a d ≠ 0 ∧ m ≤ -1

1: 

c + d Tane + f x A + B Tane + f x

a + b Tane + f x
ⅆx when b c - a d ≠ 0

◼
Derivation: Algebraic expansion

Basis: (c+d z) (A+B z)
a+b z

⩵ B d z
b

+ A b c +(A b d+B (b c-a d)) z
b (a +b z)

◼
Rule: If  b c - a d ≠ 0, then



c + d Tane + f x A + B Tane + f x

a + b Tane + f x
ⅆx ⟶

B d

b
 Tane + f x ⅆx +

1

b


A b c + (A b d + B (b c - a d)) Tane + f x

a + b Tane + f x
ⅆx

◼
Program code:

Intc_.+d_.*tane_.+f_.*x_*A_.+B_.*tane_.+f_.*x_a_.+b_.*tane_.+f_.*x_,x_Symbol :=

B*d/b*IntTane+f*x,x + 1/b*IntSimpA*b*c+(A*b*d+B*(b*c-a*d))*Tane+f*x,xa+b*Tane+f*x,x /;

FreeQa,b,c,d,e,f,A,B,x && NeQ[b*c-a*d,0]

2.  a + b Tane + f x
m
c + d Tane + f x A + B Tane + f x ⅆx when b c - a d ≠ 0 ∧ m < -1

1:  a + b Tane + f x
m
c + d Tane + f x A + B Tane + f x ⅆx when b c - a d ≠ 0 ∧ m < -1 ∧ a2 + b2 ⩵ 0

◼
Derivation: Symmetric tangent recurrence 2a with n → 1 and ???

◼
Rule: If  b c - a d ≠ 0 ∧ m < -1 ∧ a2 + b2 ⩵ 0, then

 a + b Tane + f x
m
c + d Tane + f x A + B Tane + f x ⅆx ⟶
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-
(A b - a B) a + b Tane + f x

m
c + d Tane + f x

2 a f m
+

1

2 a2 m
 a + b Tane + f x

m+1
A (b d + a c m) - B (a d + b c m) - d (b B (m - 1) - a A (m + 1)) Tane + f x ⅆx ⟶

-
(A b - a B) (a c + b d) a + b Tane + f x

m

2 a2 f m
+

1

2 a b
 a + b Tane + f x

m+1
A b c + a B c + a A d + b B d + 2 a B d Tane + f x ⅆx

◼
Program code:

Inta_+b_.*tane_.+f_.*x_^m_*c_.+d_.*tane_.+f_.*x_*A_.+B_.*tane_.+f_.*x_,x_Symbol :=

-(A*b-a*B)*(a*c+b*d)*a+b*Tane+f*x^m2*a^2*f*m +

1/(2*a*b)*Inta+b*Tane+f*x^(m+1)*SimpA*b*c+a*B*c+a*A*d+b*B*d+2*a*B*d*Tane+f*x,x,x /;

FreeQa,b,c,d,e,f,A,B,x && NeQ[b*c-a*d,0] && LtQ[m,-1] && EqQ[a^2+b^2,0]

2:  a + b Tane + f x
m
c + d Tane + f x A + B Tane + f x ⅆx when b c - a d ≠ 0 ∧ m < -1 ∧ a2 + b2 ≠ 0

Derivation: Tangent recurrence 1b with A → A c, B → B c + A d, C → B d, n → 0
◼

Rule: If  b c - a d ≠ 0 ∧ m < -1 ∧ a2 + b2 ≠ 0, then

 a + b Tane + f x
m
c + d Tane + f x A + B Tane + f x ⅆx ⟶

(b c - a d) (A b - a B) a + b Tane + f x
m+1

b f (m + 1) a2 + b2
+

1

a2 + b2
 a + b Tane + f x

m+1
a A c + b B c + A b d - a B d - (A b c - a B c - a A d - b B d) Tane + f x ⅆx

◼
Program code:

Inta_.+b_.*tane_.+f_.*x_^m_*c_.+d_.*tane_.+f_.*x_*A_.+B_.*tane_.+f_.*x_,x_Symbol :=

(b*c-a*d)*(A*b-a*B)*a+b*Tane+f*x^(m+1)b*f*(m+1)*(a^2+b^2) +

1/(a^2+b^2)*Inta+b*Tane+f*x^(m+1)*Simpa*A*c+b*B*c+A*b*d-a*B*d-(A*b*c-a*B*c-a*A*d-b*B*d)*Tane+f*x,x,x /;

FreeQa,b,c,d,e,f,A,B,x && NeQ[b*c-a*d,0] && LtQ[m,-1] && NeQ[a^2+b^2,0]
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2:  a + b Tane + f x
m
c + d Tane + f x A + B Tane + f x ⅆx when b c - a d ≠ 0 ∧ m ≰ -1

◼
Derivation: Tangent recurrence 2b with A → A c, B → B c + A d, C → B d, n → 0

◼
Rule: If  b c - a d ≠ 0 ∧ m ≰ -1, then

 a + b Tane + f x
m
c + d Tane + f x A + B Tane + f x ⅆx ⟶

B d a + b Tane + f x
m+1

b f (m + 1)
+  a + b Tane + f x

m
A c - B d + (B c + A d) Tane + f x ⅆx

◼
Program code:

Inta_.+b_.*tane_.+f_.*x_^m_.*c_.+d_.*tane_.+f_.*x_*A_.+B_.*tane_.+f_.*x_,x_Symbol :=

B*d*a+b*Tane+f*x^(m+1)b*f*(m+1) +

Inta+b*Tane+f*x^m*SimpA*c-B*d+(B*c+A*d)*Tane+f*x,x,x /;

FreeQa,b,c,d,e,f,A,B,m,x && NeQ[b*c-a*d,0] && Not[LeQ[m,-1]]
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3.  a + b Tane + f x
m
c + d Tane + f x

n
A + B Tane + f x ⅆx when b c - a d ≠ 0 ∧ a2 + b2 ⩵ 0 ∧ c2 + d2 ≠ 0

1.  a + b Tane + f x
m
c + d Tane + f x

n
A + B Tane + f x ⅆx when b c - a d ≠ 0 ∧ a2 + b2 ⩵ 0 ∧ c2 + d2 ≠ 0 ∧ m > 1

1:  a + b Tane + f x
m
c + d Tane + f x

n
A + B Tane + f x ⅆx when b c - a d ≠ 0 ∧ a2 + b2 ⩵ 0 ∧ m > 1 ∧ n < -1

Derivation: Symmetric tangent recurrence 1a

Rule: If  b c - a d ≠ 0 ∧ a2 + b2 ⩵ 0 ∧ m > 1 ∧ n < -1, then

 a + b Tane + f x
m
c + d Tane + f x

n
A + B Tane + f x ⅆx ⟶

-
a2 (B c - A d) a + b Tane + f x

m-1
c + d Tane + f x

n+1

d f (b c + a d) (n + 1)
-

a

d (b c + a d) (n + 1)

 a + b Tane + f x
m-1

c + d Tane + f x
n+1

A b d (m - n - 2) - B (b c (m - 1) + a d (n + 1)) + (a A d (m + n) - B (a c (m - 1) + b d (n + 1))) Tane + f x ⅆx

Program code:

Inta_+b_.*tane_.+f_.*x_^m_*c_.+d_.*tane_.+f_.*x_^n_*A_.+B_.*tane_.+f_.*x_,x_Symbol :=

-a^2*(B*c-A*d)*a+b*Tane+f*x^(m-1)*c+d*Tane+f*x^(n+1)d*f*(b*c+a*d)*(n+1) -

a/(d*(b*c+a*d)*(n+1))*Inta+b*Tane+f*x^(m-1)*c+d*Tane+f*x^(n+1)*

SimpA*b*d*(m-n-2)-B*(b*c*(m-1)+a*d*(n+1))+(a*A*d*(m+n)-B*(a*c*(m-1)+b*d*(n+1)))*Tane+f*x,x,x /;

FreeQa,b,c,d,e,f,A,B,x && NeQ[b*c-a*d,0] && EqQ[a^2+b^2,0] && GtQ[m,1] && LtQ[n,-1]

2:  a + b Tane + f x
m
c + d Tane + f x

n
A + B Tane + f x ⅆx when b c - a d ≠ 0 ∧ a2 + b2 ⩵ 0 ∧ m > 1 ∧ n ≮ -1

Derivation: Symmetric tangent recurrence 1b
◼

Rule: If  b c - a d ≠ 0 ∧ a2 + b2 ⩵ 0 ∧ m > 1 ∧ n ≮ -1, then

 a + b Tane + f x
m
c + d Tane + f x

n
A + B Tane + f x ⅆx ⟶
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b B a + b Tane + f x
m-1

c + d Tane + f x
n+1

d f (m + n)
+

1

d (m + n)
 a + b Tane + f x

m-1
c + d Tane + f x

n
a A d (m + n) + B (a c (m - 1) - b d (n + 1)) - (B (b c - a d) (m - 1) - d (A b + a B) (m + n)) Tane + f x ⅆx

◼
Program code:

Inta_+b_.*tane_.+f_.*x_^m_*c_.+d_.*tane_.+f_.*x_^n_*A_.+B_.*tane_.+f_.*x_,x_Symbol :=

b*B*a+b*Tane+f*x^(m-1)*c+d*Tane+f*x^(n+1)d*f*(m+n) +

1/(d*(m+n))*Inta+b*Tane+f*x^(m-1)*c+d*Tane+f*x^n*

Simpa*A*d*(m+n)+B*(a*c*(m-1)-b*d*(n+1))-(B*(b*c-a*d)*(m-1)-d*(A*b+a*B)*(m+n))*Tane+f*x,x,x /;

FreeQa,b,c,d,e,f,A,B,n,x && NeQ[b*c-a*d,0] && EqQ[a^2+b^2,0] && GtQ[m,1] && Not[LtQ[n,-1]]

2.  a + b Tane + f x
m
c + d Tane + f x

n
A + B Tane + f x ⅆx when b c - a d ≠ 0 ∧ a2 + b2 ⩵ 0 ∧ c2 + d2 ≠ 0 ∧ m < 0

1:  a + b Tane + f x
m
c + d Tane + f x

n
A + B Tane + f x ⅆx when b c - a d ≠ 0 ∧ a2 + b2 ⩵ 0 ∧ m < 0 ∧ n > 0

Derivation: Symmetric tangent recurrence 2a
◼

Rule: If  b c - a d ≠ 0 ∧ a2 + b2 ⩵ 0 ∧ m < 0 ∧ n > 0, then

 a + b Tane + f x
m
c + d Tane + f x

n
A + B Tane + f x ⅆx ⟶

-
(A b - a B) a + b Tane + f x

m
c + d Tane + f x

n

2 a f m
+

1

2 a2 m
 a + b Tane + f x

m+1
c + d Tane + f x

n-1
A (a c m + b d n) - B (b c m + a d n) - d (b B (m - n) - a A (m + n)) Tane + f x ⅆx

◼
Program code:

Inta_+b_.*tane_.+f_.*x_^m_*c_.+d_.*tane_.+f_.*x_^n_*A_.+B_.*tane_.+f_.*x_,x_Symbol :=

-(A*b-a*B)*a+b*Tane+f*x^m*c+d*Tane+f*x^n2*a*f*m +

1/(2*a^2*m)*Inta+b*Tane+f*x^(m+1)*c+d*Tane+f*x^(n-1)*

SimpA*(a*c*m+b*d*n)-B*(b*c*m+a*d*n)-d*(b*B*(m-n)-a*A*(m+n))*Tane+f*x,x,x /;

FreeQa,b,c,d,e,f,A,B,x && NeQ[b*c-a*d,0] && EqQ[a^2+b^2,0] && LtQ[m,0] && GtQ[n,0]
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2:  a + b Tane + f x
m
c + d Tane + f x

n
A + B Tane + f x ⅆx when b c - a d ≠ 0 ∧ a2 + b2 ⩵ 0 ∧ m < 0 ∧ n ≯ 0

Derivation: Symmetric tangent recurrence 2b
◼

Rule: If  b c - a d ≠ 0 ∧ a2 + b2 ⩵ 0 ∧ m < 0 ∧ n ≯ 0, then

 a + b Tane + f x
m
c + d Tane + f x

n
A + B Tane + f x ⅆx ⟶

(a A + b B) a + b Tane + f x
m
c + d Tane + f x

n+1

2 f m (b c - a d)
+

1

2 a m (b c - a d)
 a + b Tane + f x

m+1
c + d Tane + f x

n
A (b c m - a d (2 m + n + 1)) + B (a c m - b d (n + 1)) + d (A b - a B) (m + n + 1) Tane + f x ⅆx

◼
Program code:

Inta_+b_.*tane_.+f_.*x_^m_*c_.+d_.*tane_.+f_.*x_^n_*A_.+B_.*tane_.+f_.*x_,x_Symbol :=

(a*A+b*B)*a+b*Tane+f*x^m*c+d*Tane+f*x^(n+1)2*f*m*(b*c-a*d) +

1/(2*a*m*(b*c-a*d))*Inta+b*Tane+f*x^(m+1)*c+d*Tane+f*x^n*

SimpA*(b*c*m-a*d*(2*m+n+1))+B*(a*c*m-b*d*(n+1))+d*(A*b-a*B)*(m+n+1)*Tane+f*x,x,x /;

FreeQa,b,c,d,e,f,A,B,n,x && NeQ[b*c-a*d,0] && EqQ[a^2+b^2,0] && LtQ[m,0] && Not[GtQ[n,0]]
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3:  a + b Tane + f x
m
c + d Tane + f x

n
A + B Tane + f x ⅆx when b c - a d ≠ 0 ∧ a2 + b2 ⩵ 0 ∧ c2 + d2 ≠ 0 ∧ n > 0

Derivation: Symmetric tangent recurrence 3a
◼

Rule: If  b c - a d ≠ 0 ∧ a2 + b2 ⩵ 0 ∧ n > 0, then

 a + b Tane + f x
m
c + d Tane + f x

n
A + B Tane + f x ⅆx ⟶

B a + b Tane + f x
m
c + d Tane + f x

n

f (m + n)
+

1

a (m + n)
 a + b Tane + f x

m
c + d Tane + f x

n-1
a A c (m + n) - B (b c m + a d n) + (a A d (m + n) - B (b d m - a c n)) Tane + f x ⅆx

◼
Program code:

Inta_+b_.*tane_.+f_.*x_^m_*c_.+d_.*tane_.+f_.*x_^n_*A_.+B_.*tane_.+f_.*x_,x_Symbol :=

B*a+b*Tane+f*x^m*c+d*Tane+f*x^nf*(m+n) +

1/(a*(m+n))*Inta+b*Tane+f*x^m*c+d*Tane+f*x^(n-1)*

Simpa*A*c*(m+n)-B*(b*c*m+a*d*n)+(a*A*d*(m+n)-B*(b*d*m-a*c*n))*Tane+f*x,x,x /;

FreeQa,b,c,d,e,f,A,B,m,x && NeQ[b*c-a*d,0] && EqQ[a^2+b^2,0] && GtQ[n,0]
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4:  a + b Tane + f x
m
c + d Tane + f x

n
A + B Tane + f x ⅆx when b c - a d ≠ 0 ∧ a2 + b2 ⩵ 0 ∧ c2 + d2 ≠ 0 ∧ n < -1

Derivation: Symmetric tangent recurrence 3b
◼

Rule: If  b c - a d ≠ 0 ∧ a2 + b2 ⩵ 0 ∧ n < -1, then

 a + b Tane + f x
m
c + d Tane + f x

n
A + B Tane + f x ⅆx ⟶

(A d - B c) a + b Tane + f x
m
c + d Tane + f x

n+1

f (n + 1) c2 + d2
-

1

a (n + 1) c2 + d2
 a + b Tane + f x

m
c + d Tane + f x

n+1
A (b d m - a c (n + 1)) - B (b c m + a d (n + 1)) - a (B c - A d) (m + n + 1) Tane + f x ⅆx

◼
Program code:

Inta_+b_.*tane_.+f_.*x_^m_*c_.+d_.*tane_.+f_.*x_^n_*A_.+B_.*tane_.+f_.*x_,x_Symbol :=

(A*d-B*c)*a+b*Tane+f*x^m*c+d*Tane+f*x^(n+1)f*(n+1)*(c^2+d^2) -

1/(a*(n+1)*(c^2+d^2))*Inta+b*Tane+f*x^m*c+d*Tane+f*x^(n+1)*

SimpA*(b*d*m-a*c*(n+1))-B*(b*c*m+a*d*(n+1))-a*(B*c-A*d)*(m+n+1)*Tane+f*x,x,x /;

FreeQa,b,c,d,e,f,A,B,m,x && NeQ[b*c-a*d,0] && EqQ[a^2+b^2,0] && LtQ[n,-1]
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5:  a + b Tane + f x
m
c + d Tane + f x

n
A + B Tane + f x ⅆx when b c - a d ≠ 0 ∧ a2 + b2 ⩵ 0 ∧ c2 + d2 ≠ 0 ∧ A b + a B⩵ 0

Derivation: Integration by substitution

Basis: If  a2 + b2 ⩵ 0 ∧ A b + a B ⩵ 0, then 
(a + b Tan[e + f x])m (A + B Tan[e + f x]) ⩵ b B

f
Subst(a + b x)m-1, x, Tan[e + f x] ∂x Tan[e + f x]

◼
Rule: If  b c - a d ≠ 0 ∧ a2 + b2 ⩵ 0 ∧ A b + a B ⩵ 0, then

 a + b Tane + f x
m
c + d Tane + f x

n
A + B Tane + f x ⅆx ⟶

b B

f
Subst (a + b x)m-1 (c + d x)n ⅆx, x, Tane + f x

◼
Program code:

Inta_+b_.*tane_.+f_.*x_^m_*c_.+d_.*tane_.+f_.*x_^n_*A_.+B_.*tane_.+f_.*x_,x_Symbol :=

b*Bf*SubstInt[(a+b*x)^(m-1)*(c+d*x)^n,x],x,Tane+f*x /;

FreeQa,b,c,d,e,f,A,B,m,n,x && NeQ[b*c-a*d,0] && EqQ[a^2+b^2,0] && EqQ[A*b+a*B,0]
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6.  a + b Tane + f x
m
c + d Tane + f x

n
A + B Tane + f x ⅆx when b c - a d ≠ 0 ∧ a2 + b2 ⩵ 0 ∧ c2 + d2 ≠ 0 ∧ A b + a B ≠ 0

1: 

a + b Tane + f x
m
A + B Tane + f x

c + d Tane + f x
ⅆx when b c - a d ≠ 0 ∧ a2 + b2 ⩵ 0 ∧ A b + a B ≠ 0

Derivation: Algebraic expansion

Basis: A+B z
c+d z

⩵ A b+a B
b c+a d

- (B c-A d) (a-b z)
(b c+a d) (c+d z)

◼
Rule: If  b c - a d ≠ 0 ∧ a2 + b2 ⩵ 0 ∧ A b + a B ≠ 0, then



a + b Tane + f x
m
A + B Tane + f x

c + d Tane + f x
ⅆx ⟶

A b + a B

b c + a d
 a + b Tane + f x

m
ⅆx -

B c - A d

b c + a d


a + b Tane + f x
m
a - b Tane + f x

c + d Tane + f x
ⅆx

◼
Program code:

Inta_+b_.*tane_.+f_.*x_^m_*A_.+B_.*tane_.+f_.*x_c_.+d_.*tane_.+f_.*x_,x_Symbol :=

(A*b+a*B)/(b*c+a*d)*Inta+b*Tane+f*x^m,x -

(B*c-A*d)/(b*c+a*d)*Inta+b*Tane+f*x^m*a-b*Tane+f*xc+d*Tane+f*x,x /;

FreeQa,b,c,d,e,f,A,B,m,x && NeQ[b*c-a*d,0] && EqQ[a^2+b^2,0] && NeQ[A*b+a*B,0]
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x:  a + b Tane + f x
m
c + d Tane + f x

n
A + B Tane + f x ⅆx when b c - a d ≠ 0 ∧ a2 + b2 ⩵ 0

Derivation: Algebraic expansion

Baisi: A + B z ⩵ A b-a B
b

+ B (a+b z)
b

◼
Rule: If  b c - a d ≠ 0 ∧ a2 + b2 ⩵ 0 ∧ c2 + d2 ≠ 0, then

 a + b Tane + f x
m
c + d Tane + f x

n
A + B Tane + f x ⅆx ⟶

A b - a B

b
 a + b Tane + f x

m
c + d Tane + f x

n
ⅆx +

B

b
 a + b Tane + f x

m+1
c + d Tane + f x

n
ⅆx

◼
Program code:

(* Inta_+b_.*tane_.+f_.*x_^m_*c_.+d_.*tane_.+f_.*x_^n_*A_.+B_.*tane_.+f_.*x_,x_Symbol :=

(A*b-a*B)/b*Inta+b*Tane+f*x^m*c+d*Tane+f*x^n,x +

B/b*Inta+b*Tane+f*x^(m+1)*c+d*Tane+f*x^n,x /;

FreeQa,b,c,d,e,f,A,B,m,x && NeQ[b*c-a*d,0] && EqQ[a^2+b^2,0] && NeQ[c^2+d^2,0] *)
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2:  a + b Tane + f x
m
c + d Tane + f x

n
A + B Tane + f x ⅆx when b c - a d ≠ 0 ∧ a2 + b2 ⩵ 0 ∧ A b + a B ≠ 0

Derivation: Algebraic expansion

Basis: A + B z ⩵ A b+a B
b

- B (a-b z)
b

◼
Rule: If  b c - a d ≠ 0 ∧ a2 + b2 ⩵ 0 ∧ A b + a B ≠ 0, then

 a + b Tane + f x
m
c + d Tane + f x

n
A + B Tane + f x ⅆx ⟶

A b + a B

b
 a + b Tane + f x

m
c + d Tane + f x

n
ⅆx -

B

b
 a + b Tane + f x

m
c + d Tane + f x

n
a - b Tane + f x ⅆx

◼
Program code:

Inta_+b_.*tane_.+f_.*x_^m_*c_.+d_.*tane_.+f_.*x_^n_*A_.+B_.*tane_.+f_.*x_,x_Symbol :=

(A*b+a*B)/b*Inta+b*Tane+f*x^m*c+d*Tane+f*x^n,x -

B/b*Inta+b*Tane+f*x^m*c+d*Tane+f*x^n*a-b*Tane+f*x,x /;

FreeQa,b,c,d,e,f,A,B,m,n,x && NeQ[b*c-a*d,0] && EqQ[a^2+b^2,0] && NeQ[A*b+a*B,0]

Rules for integrands of the form (a+b tan[e+f x])^m (c+d tan[e+f x])^n (A+B tan(e+f x)) 13



4.  a + b Tane + f x
m
c + d Tane + f x

n
A + B Tane + f x ⅆx when b c - a d ≠ 0 ∧ a2 + b2 ≠ 0 ∧ c2 + d2 ≠ 0

1.  a + b Tane + f x
m
c + d Tane + f x

n
A + B Tane + f x ⅆx when b c - a d ≠ 0 ∧ a2 + b2 ≠ 0 ∧ c2 + d2 ≠ 0 ∧ m ∉ ℤ ∧ n ∉ ℤ ∧ ¬ (2 m 2 n) ∈ ℤ

1:  a + b Tane + f x
m
c + d Tane + f x

n
A + B Tane + f x ⅆx when b c - a d ≠ 0 ∧ a2 + b2 ≠ 0 ∧ m ∉ ℤ ∧ n ∉ ℤ ∧ ¬ (2 m 2 n) ∈ ℤ ∧ A2 + B2 ⩵ 0

Derivation: Integration by substitution

Basis: If  A2 + B2 ⩵ 0, then A + B Tan[e + f x] ⩵ A2

f
Subst 1

A-B x
, x, Tan[e + f x] ∂x Tan[e + f x]

◼
Rule: If  b c - a d ≠ 0 ∧ a2 + b2 ≠ 0 ∧ m ∉ ℤ ∧ n ∉ ℤ ∧ ¬ (2 m 2 n) ∈ ℤ ∧ A2 + B2 ⩵ 0, then

 a + b Tane + f x
m
c + d Tane + f x

n
A + B Tane + f x ⅆx ⟶

A2

f
Subst

(a + b x)m (c + d x)n

A - B x
ⅆx, x, Tane + f x

◼
Program code:

Inta_.+b_.*tane_.+f_.*x_^m_*c_.+d_.*tane_.+f_.*x_^n_*A_+B_.*tane_.+f_.*x_,x_Symbol :=

A^2f*SubstInt[(a+b*x)^m*(c+d*x)^n/(A-B*x),x],x,Tane+f*x /;

FreeQa,b,c,d,e,f,A,B,m,n,x && NeQ[b*c-a*d,0] && NeQ[a^2+b^2,0] && Not[IntegerQ[m]] && Not[IntegerQ[n]] &&

Not[IntegersQ[2*m,2*n]] && EqQ[A^2+B^2,0]

Rules for integrands of the form (a+b tan[e+f x])^m (c+d tan[e+f x])^n (A+B tan(e+f x)) 14



2:  a + b Tane + f x
m
c + d Tane + f x

n
A + B Tane + f x ⅆx when b c - a d ≠ 0 ∧ a2 + b2 ≠ 0 ∧ m ∉ ℤ ∧ n ∉ ℤ ∧ ¬ (2 m 2 n) ∈ ℤ ∧ A2 + B2 ≠ 0

Derivation: Algebraic expansion

Basis: A + B z ⩵ A+ⅈ B
2

(1 - ⅈ z) + A-ⅈ B
2

(1 + ⅈ z)
◼

Rule: If  b c - a d ≠ 0 ∧ a2 + b2 ≠ 0 ∧ m ∉ ℤ ∧ n ∉ ℤ ∧ ¬ (2 m 2 n) ∈ ℤ ∧ A2 + B2 ≠ 0, then

 a + b Tane + f x
m
c + d Tane + f x

n
A + B Tane + f x ⅆx ⟶

A + ⅈ B

2
 a + b Tane + f x

m
c + d Tane + f x

n
1 - ⅈ Tane + f x ⅆx +

A - ⅈ B

2
 a + b Tane + f x

m
c + d Tane + f x

n
1 + ⅈ Tane + f x ⅆx

◼
Program code:

Inta_.+b_.*tane_.+f_.*x_^m_*c_.+d_.*tane_.+f_.*x_^n_*A_.+B_.*tane_.+f_.*x_,x_Symbol :=

(A+I*B)/2*Inta+b*Tane+f*x^m*c+d*Tane+f*x^n*1-I*Tane+f*x,x +

(A-I*B)/2*Inta+b*Tane+f*x^m*c+d*Tane+f*x^n*1+I*Tane+f*x,x /;

FreeQa,b,c,d,e,f,A,B,m,n,x && NeQ[b*c-a*d,0] && NeQ[a^2+b^2,0] && Not[IntegerQ[m]] && Not[IntegerQ[n]] &&

Not[IntegersQ[2*m,2*n]] && NeQ[A^2+B^2,0]

2.  a + b Tane + f x
m
c + d Tane + f x

n
A + B Tane + f x ⅆx when b c - a d ≠ 0 ∧ a2 + b2 ≠ 0 ∧ c2 + d2 ≠ 0 ∧ m > 1

1.  a + b Tane + f x
m
c + d Tane + f x

n
A + B Tane + f x ⅆx when b c - a d ≠ 0 ∧ a2 + b2 ≠ 0 ∧ c2 + d2 ≠ 0 ∧ m > 1 ∧ n < -1

1:  a + b Tane + f x
2
c + d Tane + f x

n
A + B Tane + f x ⅆx when b c - a d ≠ 0 ∧ a2 + b2 ≠ 0 ∧ c2 + d2 ≠ 0 ∧ n < -1

◼
Derivation: Tangent recurrence 1a with A → a A, B -> A b + a B, C → b B, m → m - 1

◼
Note: The term produced by this optional rule is slightly simpler than the one produced by the following rule.

◼
Rule: If  b c - a d ≠ 0 ∧ a2 + b2 ≠ 0 ∧ c2 + d2 ≠ 0 ∧ n < -1, then

Rules for integrands of the form (a+b tan[e+f x])^m (c+d tan[e+f x])^n (A+B tan(e+f x)) 15



 a + b Tane + f x
2
c + d Tane + f x

n
A + B Tane + f x ⅆx ⟶

-
(B c - A d) (b c - a d)2 c + d Tane + f x

n+1

f d2 (n + 1) c2 + d2
+

1

d c2 + d2
 c + d Tane + f x

n+1
·

B (b c - a d)2 + A d a2 c - b2 c + 2 a b d + d B a2 c - b2 c + 2 a b d + A 2 a b c - a2 d + b2 d Tane + f x + b2 B c2 + d2 Tane + f x
2
 ⅆx

◼
Program code:

Inta_.+b_.*tane_.+f_.*x_^2*c_.+d_.*tane_.+f_.*x_^n_*A_.+B_.*tane_.+f_.*x_,x_Symbol :=

-(B*c-A*d)*(b*c-a*d)^2*c+d*Tane+f*x^(n+1)f*d^2*(n+1)*(c^2+d^2) +

1/(d*(c^2+d^2))*Intc+d*Tane+f*x^(n+1)*

SimpB*(b*c-a*d)^2+A*d*(a^2*c-b^2*c+2*a*b*d)+d*(B*(a^2*c-b^2*c+2*a*b*d)+A*(2*a*b*c-a^2*d+b^2*d))*Tane+f*x+b^2*B*(c^2+d^2)*Tane+f*x^2

FreeQa,b,c,d,e,f,A,B,x && NeQ[b*c-a*d,0] && NeQ[a^2+b^2,0] && NeQ[c^2+d^2,0] && LtQ[n,-1]
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2:  a + b Tane + f x
m
c + d Tane + f x

n
A + B Tane + f x ⅆx when b c - a d ≠ 0 ∧ a2 + b2 ≠ 0 ∧ c2 + d2 ≠ 0 ∧ m > 1 ∧ n < -1

◼
Derivation: Tangent recurrence 1a with A → a A, B -> A b + a B, C → b B, m → m - 1

◼
Rule: If  b c - a d ≠ 0 ∧ a2 + b2 ≠ 0 ∧ c2 + d2 ≠ 0 ∧ m > 1 ∧ n < -1, then

 a + b Tane + f x
m
c + d Tane + f x

n
A + B Tane + f x ⅆx ⟶

(b c - a d) (B c - A d) a + b Tane + f x
m-1

c + d Tane + f x
n+1

d f (n + 1) c2 + d2
-

1

d (n + 1) c2 + d2
 a + b Tane + f x

m-2
c + d Tane + f x

n+1
·

a A d (b d (m - 1) - a c (n + 1)) + (b B c - (A b + a B) d) (b c (m - 1) + a d (n + 1)) -

d ((a A - b B) (b c - a d) + (A b + a B) (a c + b d)) (n + 1) Tane + f x - b d (A b c + a B c - a A d) (m + n) - b B c2 (m - 1) - d2 (n + 1) Tane + f x
2
 ⅆx

◼
Program code:

Inta_.+b_.*tane_.+f_.*x_^m_*c_.+d_.*tane_.+f_.*x_^n_*A_.+B_.*tane_.+f_.*x_,x_Symbol :=

(b*c-a*d)*(B*c-A*d)*a+b*Tane+f*x^(m-1)*c+d*Tane+f*x^(n+1)d*f*(n+1)*(c^2+d^2) -

1/(d*(n+1)*(c^2+d^2))*Inta+b*Tane+f*x^(m-2)*c+d*Tane+f*x^(n+1)*

Simpa*A*d*(b*d*(m-1)-a*c*(n+1))+(b*B*c-(A*b+a*B)*d)*(b*c*(m-1)+a*d*(n+1))-

d*((a*A-b*B)*(b*c-a*d)+(A*b+a*B)*(a*c+b*d))*(n+1)*Tane+f*x-

b*(d*(A*b*c+a*B*c-a*A*d)*(m+n)-b*B*(c^2*(m-1)-d^2*(n+1)))*Tane+f*x^2,x,x /;

FreeQa,b,c,d,e,f,A,B,x && NeQ[b*c-a*d,0] && NeQ[a^2+b^2,0] && NeQ[c^2+d^2,0] && GtQ[m,1] && LtQ[n,-1] &&

(IntegerQ[m] || IntegersQ[2*m,2*n])

Rules for integrands of the form (a+b tan[e+f x])^m (c+d tan[e+f x])^n (A+B tan(e+f x)) 17



2.  a + b Tane + f x
m
c + d Tane + f x

n
A + B Tane + f x ⅆx when b c - a d ≠ 0 ∧ a2 + b2 ≠ 0 ∧ c2 + d2 ≠ 0 ∧ m > 1 ∧ n ≮ -1

1: 

a + b Tane + f x
2
A + B Tane + f x

c + d Tane + f x
ⅆx when b c - a d ≠ 0 ∧ a2 + b2 ≠ 0 ∧ c2 + d2 ≠ 0

◼
Derivation: Tangent recurrence 2a with A → a A, B -> A b + a B, C → b B, m → m - 1

◼
Note: The term produced by this optional rule is slightly simpler than the one produced by the following rule.

◼
Rule: If  b c - a d ≠ 0 ∧ a2 + b2 ≠ 0 ∧ c2 + d2 ≠ 0, then



a + b Tane + f x
2
A + B Tane + f x

c + d Tane + f x
ⅆx ⟶

b2 B Tane + f x

d f
+
1

d


1

c + d Tane + f x
a2 A d - b2 B c + 2 a A b + B a2 - b2 d Tane + f x + A b2 d - b B (b c - 2 a d) Tane + f x

2
 ⅆx

◼
Program code:

Inta_.+b_.*tane_.+f_.*x_^2*A_.+B_.*tane_.+f_.*x_c_.+d_.*tane_.+f_.*x_,x_Symbol :=

b^2*B*Tane+f*xd*f +

1/d*Inta^2*A*d-b^2*B*c+(2*a*A*b+B*(a^2-b^2))*d*Tane+f*x+(A*b^2*d-b*B*(b*c-2*a*d))*Tane+f*x^2c+d*Tane+f*x,x /;

FreeQa,b,c,d,e,f,A,B,x && NeQ[b*c-a*d,0] && NeQ[a^2+b^2,0] && NeQ[c^2+d^2,0]

2:  a + b Tane + f x
m
c + d Tane + f x

n
A + B Tane + f x ⅆx when b c - a d ≠ 0 ∧ a2 + b2 ≠ 0 ∧ c2 + d2 ≠ 0 ∧ m > 1 ∧ n ≮ -1

◼
Derivation: Tangent recurrence 2a with A → a A, B -> A b + a B, C → b B, m → m - 1

◼
Rule: If  b c - a d ≠ 0 ∧ a2 + b2 ≠ 0 ∧ c2 + d2 ≠ 0 ∧ m > 1 ∧ n ≮ -1, then

 a + b Tane + f x
m
c + d Tane + f x

n
A + B Tane + f x ⅆx ⟶
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b B a + b Tane + f x
m-1

c + d Tane + f x
n+1

d f (m + n)
+

1

d (m + n)
 a + b Tane + f x

m-2
c + d Tane + f x

n
·

a2 A d (m + n) - b B (b c (m - 1) + a d (n + 1)) + d (m + n) 2 a A b + B a2 - b2 Tane + f x - (b B (b c - a d) (m - 1) - b (A b + a B) d (m + n)) Tane + f x
2
 ⅆx

Program code:

Inta_.+b_.*tane_.+f_.*x_^m_*c_.+d_.*tane_.+f_.*x_^n_*A_.+B_.*tane_.+f_.*x_,x_Symbol :=

b*B*a+b*Tane+f*x^(m-1)*c+d*Tane+f*x^(n+1)d*f*(m+n) +

1/(d*(m+n))*Inta+b*Tane+f*x^(m-2)*c+d*Tane+f*x^n*

Simpa^2*A*d*(m+n)-b*B*(b*c*(m-1)+a*d*(n+1))+

d*(m+n)*(2*a*A*b+B*(a^2-b^2))*Tane+f*x-

(b*B*(b*c-a*d)*(m-1)-b*(A*b+a*B)*d*(m+n))*Tane+f*x^2,x,x /;

FreeQa,b,c,d,e,f,A,B,n,x && NeQ[b*c-a*d,0] && NeQ[a^2+b^2,0] && NeQ[c^2+d^2,0] && GtQ[m,1] &&

(IntegerQ[m] || IntegersQ[2*m,2*n]) && Not[IGtQ[n,1] && (Not[IntegerQ[m]] || EqQ[c,0] && NeQ[a,0])]
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3.  a + b Tane + f x
m
c + d Tane + f x

n
A + B Tane + f x ⅆx when b c - a d ≠ 0 ∧ a2 + b2 ≠ 0 ∧ c2 + d2 ≠ 0 ∧ m < -1

1:  a + b Tane + f x
m
c + d Tane + f x

n
A + B Tane + f x ⅆx when b c - a d ≠ 0 ∧ a2 + b2 ≠ 0 ∧ c2 + d2 ≠ 0 ∧ m < -1 ∧ 0 < n < 1

◼
Derivation: Tangent recurrence 1b with C → 0

◼
Derivation: Tangent recurrence 3a with A → A c, B → B c + A d, C → B d, n → n - 1

◼
Rule: If  b c - a d ≠ 0 ∧ a2 + b2 ≠ 0 ∧ c2 + d2 ≠ 0 ∧ m < -1 ∧ 0 < n < 1, then

 a + b Tane + f x
m
c + d Tane + f x

n
A + B Tane + f x ⅆx ⟶

(A b - a B) a + b Tane + f x
m+1

c + d Tane + f x
n

f (m + 1) a2 + b2
+

1

b (m + 1) a2 + b2
 a + b Tane + f x

m+1
c + d Tane + f x

n-1
·

b B (b c (m + 1) + a d n) + A b (a c (m + 1) - b d n) - b (A (b c - a d) - B (a c + b d)) (m + 1) Tane + f x - b d (A b - a B) (m + n + 1) Tane + f x
2
 ⅆx

Program code:

Inta_.+b_.*tane_.+f_.*x_^m_*c_.+d_.*tane_.+f_.*x_^n_*A_.+B_.*tane_.+f_.*x_,x_Symbol :=

(A*b-a*B)*a+b*Tane+f*x^(m+1)*c+d*Tane+f*x^nf*(m+1)*(a^2+b^2) +

1/(b*(m+1)*(a^2+b^2))*Inta+b*Tane+f*x^(m+1)*c+d*Tane+f*x^(n-1)*

Simpb*B*(b*c*(m+1)+a*d*n)+A*b*(a*c*(m+1)-b*d*n)-b*(A*(b*c-a*d)-B*(a*c+b*d))*(m+1)*Tane+f*x-b*d*(A*b-a*B)*(m+n+1)*Tane+f*x^2,x,x /

FreeQa,b,c,d,e,f,A,B,x && NeQ[b*c-a*d,0] && NeQ[a^2+b^2,0] && NeQ[c^2+d^2,0] && LtQ[m,-1] && LtQ[0,n,1] && (IntegerQ[m] || IntegersQ[2*m,2*n

2:  a + b Tane + f x
m
c + d Tane + f x

n
A + B Tane + f x ⅆx when b c - a d ≠ 0 ∧ a2 + b2 ≠ 0 ∧ c2 + d2 ≠ 0 ∧ m < -1 ∧ n ≯ 0

◼
Derivation: Tangent recurrence 3a with C → 0

◼
Rule: If  b c - a d ≠ 0 ∧ a2 + b2 ≠ 0 ∧ c2 + d2 ≠ 0 ∧ m < -1, then
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 a + b Tane + f x
m
c + d Tane + f x

n
A + B Tane + f x ⅆx ⟶

b (A b - a B) a + b Tane + f x
m+1

c + d Tane + f x
n+1

f (m + 1) (b c - a d) a2 + b2
+

1

(m + 1) (b c - a d) a2 + b2
 a + b Tane + f x

m+1
c + d Tane + f x

n
·

b B (b c (m + 1) + a d (n + 1)) + A a (b c - a d) (m + 1) - b2 d (m + n + 2) - (A b - a B) (b c - a d) (m + 1) Tane + f x - b d (A b - a B) (m + n + 2) Tane + f x
2
 ⅆx

◼
Program code:

Inta_.+b_.*tane_.+f_.*x_^m_*c_.+d_.*tane_.+f_.*x_^n_*A_.+B_.*tane_.+f_.*x_,x_Symbol :=

b*(A*b-a*B)*a+b*Tane+f*x^(m+1)*c+d*Tane+f*x^(n+1)f*(m+1)*(b*c-a*d)*(a^2+b^2) +

1/((m+1)*(b*c-a*d)*(a^2+b^2))*Inta+b*Tane+f*x^(m+1)*c+d*Tane+f*x^n*

Simpb*B*(b*c*(m+1)+a*d*(n+1))+A*(a*(b*c-a*d)*(m+1)-b^2*d*(m+n+2)) -

(A*b-a*B)*(b*c-a*d)*(m+1)*Tane+f*x -

b*d*(A*b-a*B)*(m+n+2)*Tane+f*x^2,x,x /;

FreeQa,b,c,d,e,f,A,B,n,x && NeQ[b*c-a*d,0] && NeQ[a^2+b^2,0] && NeQ[c^2+d^2,0] && LtQ[m,-1] && (IntegerQ[m] || IntegersQ[2*m,2*n]) &&

Not[ILtQ[n,-1] && (Not[IntegerQ[m]] || EqQ[c,0] && NeQ[a,0])]
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4:  a + b Tane + f x
m
c + d Tane + f x

n
A + B Tane + f x ⅆx when b c - a d ≠ 0 ∧ a2 + b2 ≠ 0 ∧ c2 + d2 ≠ 0 ∧ 0 < m < 1 ∧ 0 < n < 1

◼
Derivation: Tangent recurrence 2a with A → A c, B → B c + A d, C → B d, n → n - 1

◼
Derivation: Tangent recurrence 2b with A → a A, B → A b + a B, C → b B, m → m - 1

Rule: If  b c - a d ≠ 0 ∧ a2 + b2 ≠ 0 ∧ c2 + d2 ≠ 0 ∧ 0 < m < 1 ∧ 0 < n < 1, then

 a + b Tane + f x
m
c + d Tane + f x

n
A + B Tane + f x ⅆx ⟶

B a + b Tane + f x
m
c + d Tane + f x

n

f (m + n)
+

1

m + n
 a + b Tane + f x

m-1
c + d Tane + f x

n-1
·

a A c (m + n) - B (b c m + a d n) + (A b c + a B c + a A d - b B d) (m + n) Tane + f x + (A b d (m + n) + B (a d m + b c n)) Tane + f x
2
 ⅆx

◼
Program code:

Inta_.+b_.*tane_.+f_.*x_^m_*c_.+d_.*tane_.+f_.*x_^n_*A_.+B_.*tane_.+f_.*x_,x_Symbol :=

B*a+b*Tane+f*x^m*c+d*Tane+f*x^nf*(m+n) +

1/(m+n)*Inta+b*Tane+f*x^(m-1)*c+d*Tane+f*x^(n-1)*

Simpa*A*c*(m+n)-B*(b*c*m+a*d*n)+(A*b*c+a*B*c+a*A*d-b*B*d)*(m+n)*Tane+f*x+(A*b*d*(m+n)+B*(a*d*m+b*c*n))*Tane+f*x^2,x,x /;

FreeQa,b,c,d,e,f,A,B,x && NeQ[b*c-a*d,0] && NeQ[a^2+b^2,0] && NeQ[c^2+d^2,0] && LtQ[0,m,1] && LtQ[0,n,1]

Rules for integrands of the form (a+b tan[e+f x])^m (c+d tan[e+f x])^n (A+B tan(e+f x)) 22



5. 

c + d Tane + f x
n
A + B Tane + f x

a + b Tane + f x
ⅆx when b c - a d ≠ 0 ∧ a2 + b2 ≠ 0 ∧ c2 + d2 ≠ 0

1: 

A + B Tane + f x

a + b Tane + f x c + d Tane + f x
ⅆx when b c - a d ≠ 0 ∧ a2 + b2 ≠ 0 ∧ c2 + d2 ≠ 0

◼
Derivation: Algebraic expansion

Basis: A+B z
(a+b z) (c+d z)

⩵ B (b c+a d)+A (a c-b d)

a2+b2 c2+d2
+ b (A b-a B) (b-a z)

a2+b2 (b c-a d) (a+b z)
+ d (B c-A d) (d-c z)

(b c-a d) c2+d2 (c+d z)

◼
Rule: If  b c - a d ≠ 0 ∧ a2 + b2 ≠ 0 ∧ c2 + d2 ≠ 0, then



A + B Tane + f x

a + b Tane + f x c + d Tane + f x
ⅆx ⟶

(B (b c + a d) + A (a c - b d)) x

a2 + b2 c2 + d2
+

b (A b - a B)

(b c - a d) a2 + b2


b - a Tane + f x

a + b Tane + f x
ⅆx +

d (B c - A d)

(b c - a d) c2 + d2


d - c Tane + f x

c + d Tane + f x
ⅆx

◼
Program code:

IntA_.+B_.*tane_.+f_.*x_a_+b_.*tane_.+f_.*x_*c_.+d_.*tane_.+f_.*x_,x_Symbol :=

(B*(b*c+a*d)+A*(a*c-b*d))*x/((a^2+b^2)*(c^2+d^2)) +

b*(A*b-a*B)/((b*c-a*d)*(a^2+b^2))*Intb-a*Tane+f*xa+b*Tane+f*x,x +

d*(B*c-A*d)/((b*c-a*d)*(c^2+d^2))*Intd-c*Tane+f*xc+d*Tane+f*x,x /;

FreeQa,b,c,d,e,f,A,B,x && NeQ[b*c-a*d,0] && NeQ[a^2+b^2,0] && NeQ[c^2+d^2,0]
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2:


c + d Tane + f x A + B Tane + f x

a + b Tane + f x
ⅆx when b c - a d ≠ 0 ∧ a2 + b2 ≠ 0 ∧ c2 + d2 ≠ 0

◼
Derivation: Algebraic expansion

Basis: c+d z (A+B z)
a+b z

⩵ A (a c+b d)+B (b c-a d)-(A (b c-a d)-B (a c+b d)) z

a2+b2 c+d z
-

(b c-a d) (B a-A b) 1+z2

a2+b2 (a+b z) c+d z

◼
Rule: If  b c - a d ≠ 0 ∧ a2 + b2 ≠ 0 ∧ c2 + d2 ≠ 0, then



c + d Tane + f x A + B Tane + f x

a + b Tane + f x
ⅆx ⟶

1

a2 + b2


A (a c + b d) + B (b c - a d) - (A (b c - a d) - B (a c + b d)) Tane + f x

c + d Tane + f x

ⅆx -
(b c - a d) (B a - A b)

a2 + b2


1 + Tane + f x
2

a + b Tane + f x c + d Tane + f x

ⅆx

◼
Program code:

IntSqrtc_.+d_.*tane_.+f_.*x_*A_.+B_.*tane_.+f_.*x_a_.+b_.*tane_.+f_.*x_,x_Symbol :=

1/(a^2+b^2)*IntSimpA*(a*c+b*d)+B*(b*c-a*d)-(A*(b*c-a*d)-B*(a*c+b*d))*Tane+f*x,xSqrtc+d*Tane+f*x,x -

(b*c-a*d)*(B*a-A*b)/(a^2+b^2)*Int1+Tane+f*x^2a+b*Tane+f*x*Sqrtc+d*Tane+f*x,x /;

FreeQa,b,c,d,e,f,A,B,x && NeQ[b*c-a*d,0] && NeQ[a^2+b^2,0] && NeQ[c^2+d^2,0]

3: 

c + d Tane + f x
n
A + B Tane + f x

a + b Tane + f x
ⅆx when b c - a d ≠ 0 ∧ a2 + b2 ≠ 0 ∧ c2 + d2 ≠ 0

Derivation: Algebraic expansion

Basis: A+B z
a+b z

⩵ a A+b B-(A b-a B) z
a2+b2

+
b (A b-a B) 1+z2

a2+b2 (a+b z)

Rule: If  b c - a d ≠ 0 ∧ a2 + b2 ≠ 0 ∧ c2 + d2 ≠ 0, then
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c + d Tane + f x
n
A + B Tane + f x

a + b Tane + f x
ⅆx ⟶

1

a2 + b2
 c + d Tane + f x

n
a A + b B - (A b - a B) Tane + f x ⅆx +

b (A b - a B)

a2 + b2


c + d Tane + f x
n
1 + Tane + f x

2


a + b Tane + f x
ⅆx

◼
Program code:

Intc_.+d_.*tane_.+f_.*x_^n_*A_.+B_.*tane_.+f_.*x_a_.+b_.*tane_.+f_.*x_,x_Symbol :=

1/(a^2+b^2)*Intc+d*Tane+f*x^n*Simpa*A+b*B-(A*b-a*B)*Tane+f*x,x,x +

b*(A*b-a*B)/(a^2+b^2)*Intc+d*Tane+f*x^n*1+Tane+f*x^2a+b*Tane+f*x,x /;

FreeQa,b,c,d,e,f,A,B,n,x && NeQ[b*c-a*d,0] && NeQ[a^2+b^2,0] && NeQ[c^2+d^2,0]

6:


a + b Tane + f x A + B Tane + f x

c + d Tane + f x

ⅆx when b c - a d ≠ 0 ∧ a2 + b2 ≠ 0 ∧ c2 + d2 ≠ 0

◼
Derivation: Algebraic expansion

Basis: a + b z (A + B z) ⩵ a A-b B+(A b+a B) z

a+b z
+

b B 1+z2

a+b z
◼

Note: This rule should be generalized for all integrands of the form a + b Tane + f x c + d Tane + f x
n
A + B Tane + f x when 

A b - a B ≠ 0 ∧ a2 + b2 ≠ 0.
◼

Rule: If  b c - a d ≠ 0 ∧ a2 + b2 ≠ 0 ∧ c2 + d2 ≠ 0, then



a + b Tane + f x A + B Tane + f x

c + d Tane + f x

ⅆx ⟶


a A - b B + (A b + a B) Tane + f x

a + b Tane + f x c + d Tane + f x

ⅆx + b B


1 + Tane + f x
2

a + b Tane + f x c + d Tane + f x

ⅆx

◼
Program code:

IntSqrta_.+b_.*tane_.+f_.*x_*A_.+B_.*tane_.+f_.*x_Sqrtc_.+d_.*tane_.+f_.*x_,x_Symbol :=

IntSimpa*A-b*B+(A*b+a*B)*Tane+f*x,xSqrta+b*Tane+f*x*Sqrtc+d*Tane+f*x,x +

b*B*Int1+Tane+f*x^2Sqrta+b*Tane+f*x*Sqrtc+d*Tane+f*x,x /;

FreeQa,b,c,d,e,f,A,B,x && NeQ[b*c-a*d,0] && NeQ[a^2+b^2,0] && NeQ[c^2+d^2,0]
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x.


A + B Tane + f x

a + b Tane + f x c + d Tane + f x

ⅆx when b c - a d ≠ 0 ∧ a2 + b2 ≠ 0 ∧ c2 + d2 ≠ 0

1:


A + B Tane + f x

a + b Tane + f x c + d Tane + f x

ⅆx when b c - a d ≠ 0 ∧ a2 + b2 ≠ 0 ∧ c2 + d2 ≠ 0 ∧ A2 + B2 ⩵ 0

Derivation: Integration by substitution

Basis: If  A2 + B2 ⩵ 0, then A + B Tan[e + f x] ⩵ A2

f
Subst 1

A-B x
, x, Tan[e + f x] ∂x Tan[e + f x]

Rule: If  b c - a d ≠ 0 ∧ a2 + b2 ≠ 0 ∧ c2 + d2 ≠ 0 ∧ A2 + B2 ⩵ 0, then



A + B Tane + f x

a + b Tane + f x c + d Tane + f x

ⅆx ⟶
A2

f
Subst

1

(A - B x) a + b x c + d x

ⅆx, x, Tane + f x

◼
Program code:

(* IntA_.+B_.*tane_.+f_.*x_Sqrta_.+b_.*tane_.+f_.*x_*Sqrtc_.+d_.*tane_.+f_.*x_,x_Symbol :=

A^2f*SubstInt[1/((A-B*x)*Sqrt[a+b*x]*Sqrt[c+d*x]),x],x,Tane+f*x /;

FreeQa,b,c,d,e,f,A,B,x && NeQ[b*c-a*d,0] && NeQ[a^2+b^2,0] && NeQ[c^2+d^2,0] && EqQ[A^2+B^2,0] *)
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2:


A + B Tane + f x

a + b Tane + f x c + d Tane + f x

ⅆx when b c - a d ≠ 0 ∧ a2 + b2 ≠ 0 ∧ c2 + d2 ≠ 0 ∧ A2 + B2 ≠ 0

Derivation: Algebraic expansion

Basis: A + B z ⩵ A+ⅈ B
2

(1 - ⅈ z) + A-ⅈ B
2

(1 + ⅈ z)
◼

Rule: If  b c - a d ≠ 0 ∧ a2 + b2 ≠ 0 ∧ c2 + d2 ≠ 0 ∧ A2 + B2 ≠ 0, then



A + B Tane + f x

a + b Tane + f x c + d Tane + f x

ⅆx ⟶
A + ⅈ B

2


1 - ⅈ Tane + f x

a + b Tane + f x c + d Tane + f x

ⅆx +
A - ⅈ B

2


1 + ⅈ Tane + f x

a + b Tane + f x c + d Tane + f x

ⅆx

◼
Program code:

(* IntA_.+B_.*tane_.+f_.*x_Sqrta_.+b_.*tane_.+f_.*x_*Sqrtc_.+d_.*tane_.+f_.*x_,x_Symbol :=

(A+I*B)/2*Int1-I*Tane+f*xSqrta+b*Tane+f*x*Sqrtc+d*Tane+f*x,x +

(A-I*B)/2*Int1+I*Tane+f*xSqrta+b*Tane+f*x*Sqrtc+d*Tane+f*x,x /;

FreeQa,b,c,d,e,f,A,B,x && NeQ[b*c-a*d,0] && NeQ[a^2+b^2,0] && NeQ[c^2+d^2,0] && NeQ[A^2+B^2,0] *)
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7.  a + b Tane + f x
m
c + d Tane + f x

n
A + B Tane + f x ⅆx when b c - a d ≠ 0 ∧ a2 + b2 ≠ 0 ∧ c2 + d2 ≠ 0

1:  a + b Tane + f x
m
c + d Tane + f x

n
A + B Tane + f x ⅆx when b c - a d ≠ 0 ∧ a2 + b2 ≠ 0 ∧ A2 + B2 ⩵ 0

Derivation: Integration by substitution

Basis: If  A2 + B2 ⩵ 0, then A + B Tan[e + f x] ⩵ A2

f
Subst 1

A-B x
, x, Tan[e + f x] ∂x Tan[e + f x]

Rule: If  b c - a d ≠ 0 ∧ a2 + b2 ≠ 0 ∧ A2 + B2 ⩵ 0, then

 a + b Tane + f x
m
c + d Tane + f x

n
A + B Tane + f x ⅆx ⟶

A2

f
Subst

(a + b x)m (c + d x)n

A - B x
ⅆx, x, Tane + f x

◼
Program code:

Inta_.+b_.*tane_.+f_.*x_^m_*c_.+d_.*tane_.+f_.*x_^n_*A_.+B_.*tane_.+f_.*x_,x_Symbol :=

A^2f*SubstInt[(a+b*x)^m*(c+d*x)^n/(A-B*x),x],x,Tane+f*x /;

FreeQa,b,c,d,e,f,A,B,m,n,x && NeQ[b*c-a*d,0] && NeQ[a^2+b^2,0] && EqQ[A^2+B^2,0]
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2:  a + b Tane + f x
m
A + B Tane + f x c + d Tane + f x

n
ⅆx when b c - a d ≠ 0 ∧ a2 + b2 ≠ 0 ∧ A2 + B2 ≠ 0

Derivation: Algebraic expansion

Basis: A + B z ⩵ A+ⅈ B
2

(1 - ⅈ z) + A-ⅈ B
2

(1 + ⅈ z)
◼

Rule: If  b c - a d ≠ 0 ∧ a2 + b2 ≠ 0 ∧ A2 + B2 ≠ 0, then

 a + b Tane + f x
m
c + d Tane + f x

n
A + B Tane + f x ⅆx ⟶

A + ⅈ B

2
 a + b Tane + f x

m
c + d Tane + f x

n
1 - ⅈ Tane + f x ⅆx +

A - ⅈ B

2
 a + b Tane + f x

m
c + d Tane + f x

n
1 + ⅈ Tane + f x ⅆx

◼
Program code:

Inta_.+b_.*tane_.+f_.*x_^m_*c_.+d_.*tane_.+f_.*x_^n_*A_.+B_.*tane_.+f_.*x_,x_Symbol :=

(A+I*B)/2*Inta+b*Tane+f*x^m*c+d*Tane+f*x^n*1-I*Tane+f*x,x +

(A-I*B)/2*Inta+b*Tane+f*x^m*c+d*Tane+f*x^n*1+I*Tane+f*x,x /;

FreeQa,b,c,d,e,f,A,B,m,n,x && NeQ[b*c-a*d,0] && NeQ[a^2+b^2,0] && NeQ[A^2+B^2,0]
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