Rules for integrands of the form (a +bTan[e + fx])" (c +dTan[e + fx])" (A+BTan[e + fXx])

1: j(a+bTan[e+fx])"' (c+dTan[e+fx])" (A+BTan[e+fx]) dx whenbc+ad=0 A a>+b> =0

Derivation: Integration by substitution

Basis:f bc+ad==0 A a?+b? =0,then (a+bTan[e+fx])" (c+dTan[e+fx])" =
2€ subst| (a+bx)™* (c+dx)"?, x, Tan[e+fx] | oxTan[e + f x]

Rule:lf bc +ad==0 A a%+b? == 9, then

J(a+bTan[e+-Fx])'" (c+dTan[e+fx])" (A+BTan[e+fx]) dx — %Subst[f(a+bx)"“l (c+dx)"? (A+Bx) dx, X, Tan[e+-Fx]]

Program code:

Int[(a_+b_.xtan[e_.+f_.»x_]) m_.(c_+d_.«tan[e_.+f_.xx_]) n_.»(A_.+B_.xtan[e_.+f_.#x_]),x_Symbol] :=
axc/fxSubst [Int[ (a+bxx)" (m-1) » (c+d#X) A (n-1) * (A+Bxx) ,X],X,Tan[e+Ffxx]] /;
FreeQ[{a,b,c,d,e,f,A,B,m,n},x]| & EqQ[bxc+axd,0] && EqQ[a"2+b"2,0]



Rules for integrands of the form (a+b tan[e+f x])~"m (c+d tan[e+f x])~n (A+B tan(e+f x))

2. j(a+bTan[e+fx])'" (c+dTan[e+-Fx]) (A+BTan[e+fx]) dx whenbc-ad#0

1. J(a+bTan[e+-Fx])'" (c+dTan[e+fx]) (A+BTan[e+-Fx]) dx whenbc-ad#06 A ms<-1

dT f A+BT f
1:J‘(c+ a"[e" X])( - an[e+ x])dlxwhenbc_ad;éo

a+bTan[e+fx]

Derivation: Algebraic expansion

‘. (c+dz) (A+Bz) _ Bdz Abc+(Abd+B (bc-ad)) z
Basis: a+b z b b (a+bz)

Rule:lIf bc - ad # 9, then

1 (Abc + (Abd+B (bc-ad)) Tan[e + f x|

Bd
dx — TJ-Tan[e+-Fx]dlx+;J- dx

a+bTan[e+-Fx]

J-(c+dTan[e+fx]) (A+BTan[e+fx])

a+bTan[e+-Fx]

Program code:
Int[(c_.+d_.«tan[e_.+f_.+x_])*(A_.+B_.xtan[e_.+f_.»x_])/(a_.+b_.+tan[e_.+f_.xx_]),x_Symbol] :=

Bxd/bxInt[Tan[e+fsx],x] + 1/bxInt[Simp[Axbxc+ (Axbsd+Bx (bxc-axd))xTan[e+fxx],x]/(a+bsTan[e+f+x]),x] /;
FreeQ[{a,b,c,d,e,f,A,B},x| && NeQ[bxc-axd,0]

2. J(a+bTan[e+-Fx])'" (c+dTan[e+-Fx]) (A+BTan[e+-Fx])d1x whenbc-ad#0 A m< -1

1: J(a+bTan[e+-Fx])'“ (c+dTan[e+fx]) (A+BTan[e+-Fx]) dx whenbc-ad#0 Am<-1 A a2+b%==0

Derivation: Symmetric tangent recurrence 2a withn - 1 and 77?7

Rule:lf bc-ad+0 A m< -1 A a%+b? == 0,then

j(a+bTan[e+-Fx])'" (c+dTan[e+fx]) (A+BTan[e+fx])dx —



Rules for integrands of the form (a+b tan[e+f x])~"m (c+d tan[e+f x])~n (A+B tan(e+f x))

(Ab-aB) (a+bTan[e+fx])" (c+dTan[e+fx])
- +

2afm

1

; J‘(a+bTan[e+-Fx])'"+1 (A(bd+acm) -B(ad+bcm) -d (bB(m-1) -aA (m+1)) Tan[e + fx]) dx —
2a°m

(Ab-aB) (ac+bd) (a+bTan[e+fx])" 1
+

> I:‘J~(a+bTan[e+1=x])'"":l (Abc+ch+aAd+de+2aBdTan[e+-Fx]) dx
2afm 2a

Program code:
Int[(a_+b_.xtan[e_.+f_.»x_])"m_x(c_.+d_.xtan[e_.+Ff_.#x_])»(A_.+B_.+tan[e_.+f_.+x_]),x_Symbol] :=
- (Axb-axB) x (axc+bxd) % (a+b*Tan [e+'F*X] ) "m/(z*a"z*f*m) +

1/ (2xaxb) xInt [ (a+b*Tan [e+f*x] ) A (m+1) *Simp [A*b*c+a*B*c+a*A*d+b*B*d+2*a*B*d*Tan [e+f*x] ,x] ,x] /3
FreeQ[{a,b,c,d,e,f,A,B},x| & NeQ[bxc-axd,0] & LtQ[m,-1] && EqQ[a"2+b"2,0]

2: J(a+bTan[e+-Fx])"‘ (c+dTan[e+-Fx]) (A+BTan[e+-Fx]) dx whenbc-ad#0 Am<-1 A a2+b%2#0

Derivation: Tangent recurrence 1b withA - Ac, B-Bc+Ad, C->Bd, n—> 90

Rule:lf bc-ad+0 A m< -1 A a%?+b? +0,then

j(a+bTan[e+-Fx])'" (c+dTan[e+fx]) (A+BTan[e+fx])dx —

(bc-ad) (Ab-aB) (a+bTan[e+-Fx])"I+1

+ j(a+bTan[e+-Fx])"“1 (aAc+bBc+Abd-aBd- (Abc-aBc-aAd-bBd) Tan[e+fx]) dx
bf (m+1) (a%+b?) a? + b?

Program code:

Int[(a_.+b_.«tan[e_.+f_.#x_] ) m_#(c_.+d_.»tan[e_.+f_.»x_])*(A_.+B_.xtan[e_.+f_.#x_]),x_Symbol]| :=

(bxc-axd) x (Axb-axB) * (a+b*Tan [e+f*x] )" (m+1)/(b*f* (m+1) % (a”2+b"2) ) +

1/ (a”2+b”2) xInt [ (a+b*Tan [e+f*x] ) A(m+1) *Simp [a*A*C+b*B*C+A*b*d—a*B*d— (Axbxc-axBxc-axAxd-bxBxd) xTan [e+f*x] ,x] ,X] /5
FreeQ[{a,b,c,d,e,f,A,B},x]| && NeQ[bxc-a+d,0] && LtQ[m,-1] && NeQ[a"2+b"2,0]



Rules for integrands of the form (a+b tan[e+f x])~"m (c+d tan[e+f x])~n (A+B tan(e+f x))

2: J(a+bTan[e+fx])"' (c+dTan[e+fx]) (A+BTan[e+fx]) dx whenbc-ad#0 A m¢ -1

Derivation: Tangent recurrence 2b withA - Ac, B—-Bc+Ad, C->Bd, n— 90

Rule:lf bc-ad+#0 A m¢ -1,then

J(a+bTan[e+fx])"' (c+dTan[e+fx]) (A+BTan[e+fx])dx —

Bd (a+bTan[e+-Fx])'"+1
bf (m+1)

+J(a+bTan[e+fx])'“ (Ac-Bd+ (Bc+Ad) Tan[e + fx]) dx

Program code:

Int[(a_.+b_.«tan[e_.+f_.*x_])™m_.x(c_.+d_.+tan[e_.+f_.xx_])*(A_.+B_.xtan[e_.+f_.»x_]),x_Symbol] :=
Bxd* (a+b*Tan [e+f*x] ) n (m+1)/(b*f* (m+1) ) +
Int[ (a+bsTan[e+fxx]) "mxSimp [Axc-Bxd+ (Bxc+Axd) xTan[e+fxx],x],x] /;

FreeQ[{a,b,c,d,e,f,A,B,m},x]| && NeQ[bxc-a+d,0] & Not[LeQ[m,-1]]



Rules for integrands of the form (a+b tan[e+f x])~"m (c+d tan[e+f x])~n (A+B tan(e+f x))

3. j(a+bTan[e+fx])'" (c+dTan[e+1:x])n (A+BTan[e+-Fx]) dx whenbc-ad#0 A a2+b?=0 A c2+d*>#0
1. J(a+bTan[e+-Fx])"' (c+dTan[e+-Fx])n (A+BTan[e+fx]) dx whenbc-ad#0 A a2+b?==0 A c2+d’#0 Am>1

1: J(a+bTan[e+-Fx])"‘(c+dTan[e+-Fx])" (A+BTan[e+fx])dx whenbc-ad#@ A a®+b*>=0 Am>1 An<-1

Derivation: Symmetric tangent recurrence 1a

Rule:lf bc-ad+0© A a?+b?==0 Am>1 A n< -1,then

J(a+bTan[e+-Fx])"' (c+dTan[e+fx])" (A+BTan[e+fx]) dx —

a2 (Bc-Ad) (a+bTan[e+-Fx])""1 (c+dTan[e+-Fx])n+1 a

df (bc+ad) (n+1) “d(bc+ad) (n+1)
JXa+bTanh+fx]W4(c+dTmﬂe+fx”"”(Abd(m-n-2)-B(bc(m-1)+ad(n+1))+(aAd(m+n)-B(ac(m-1)+bd(n+1n)Tanp+fx])dx

Program code:

Int[(a_+b_.xtan[e_.+f_.*x_])"m_x(c_.+d_.«tan[e_.+f_.+x_] )" n_«(A_.+B_.xtan[e_.+f_.»x_]),x_Symbol] :=
-a”"2x (BxC-Axd) % (a+b*Tan [e+'F*X] )" (m-1) % (c+d*Tan [e+'F*X] ) 2 (n+1)/(d*'F* (bxc+axd) x (n+1) ) -
a/ (dx (bxc+axd) * (n+1) ) »Int [ (a+b*Tan [e+f*x] )" (m-1) * (c+d*Tan [e+f*x] ) A(n+l) =
Simp [Axbxdx (m-n-2) -B# (b#C# (M-1) +axdx (n+1) ) + (axAxdx (M+n) -Bx (a%C* (M-1) +bxdx (n+1))) «Tan [e+fx],x]|,x] /;
FreeQ[{a,b,c,d,e,f,A,B},x] & NeQ[bxc-axd,0] & EqQ[a"2+b"2,0] && GtQ[m,1] & LtQ[n,-1]

2: j(a+bTan[e+-Fx])'"(c+dTan[e+fx])" (A+BTan[e+fx])dlx whenbc-ad#0 A a2+b?2=0 Am>1 An¢-1

Derivation: Symmetric tangent recurrence 1b

Rule:lf bc-ad+0 A a?+b2=0 Am>1 A n<¢-1,then

j(a+bTan[e+-Fx])'" (c+dTan[e+fx])" (A+BTan[e+fx]) dx —



Rules for integrands of the form (a+b tan[e+f x])~"m (c+d tan[e+f x])~n (A+B tan(e+f x))

bB (a+bTan[e+-Fx])'"'1 (c+dTan[e+-Fx])n+1
df (m+n)

+

1

y ‘J‘(a+bTan[e+-Fx])""1 (c+dTan[e+fx])" (aAd (m+n) +B(ac (m-1) -bd (n+1)) - (B(bc-ad) (m-1) -d (Ab+aB) (m+n)) Tan[e + fx]) dx
(m+n)

Program code:

Int[(a_+b_.xtan[e_.+f_.»x_]) m_#(c_.+d_.xtan[e_.+f_.xx_]) n_«(A_.+B_.+tan[e_.+f_.xx_]),x_Symbol] :=
b*Bx (a+b*Tan [e+f*x] ) A(m-1) » (c+d*Tan [e+f*x] )" (n+1)/(d*f* (m+n) ) +
1/ (dx (m+n) ) »Int[ (a+bxTan[e+fxx])~ (m-1) » (c+dxTan[e+Ffxx]) n«
Simp[a*A*d*(m+n)+B*(a*c*(m—1)—b*d*(n+1))—(B*(b*c—a*d)*(m—l)—d*(A*b+a*B)*(m+n))*Tan[e+f*x],x],x] /5
FreeQ[{a,b,c,d,e,f,A,B,n},x]| && NeQ[bxc-a+d,0] & EqQ[a"2+b"2,0] & GtQ[m,1] && Not[LtQ[n,-1]]

2. J(a+bTan[e+-Fx])'" (c+dTan[e+1=x])n (A+BTan[e+fx]) dx whenbc-ad#0 A a2+b%==0 A c2+d*#0 A m<©

1: J(a+bTan[e+-Fx])'"(c+dTan[e+-Fx])" (A+BTan[e+fx])dx whenbc-ad#@ A a®>+b>==0 AmM<@ ANn>0

Derivation: Symmetric tangent recurrence 2a

Rule:if bc-ad+0 A a?+b?2==0 Am<© A n>0,then

J\(a+bTan[e+-Fx])rn (c+dTan[e+fx])" (A+BTan[e+fx])dx —

(Ab-aB) (a+bTan[e+fx])" (c+dTan[e+fx])"

2afm

. ~I-(a+bTan[e+-Fx])"1+1 (c+dTan[e+-Fx])"‘1 (A(acm+bdn) -B (bcm+adn) -d (bB (m-n) ~aA (m+n)) Tan[e + fx]) dx
2a‘m

Program code:

Int[(a_+b_.»tan[e_.+f_.xx_])"m_x(c_.+d_.«tan[e_.+f_.#x_] )" n_«(A_.+B_.»tan[e_.+f_.»x_]),x_Symbol] :=
- (Axb-axB) % (a+b*Tan [e+-F*x] )"m* (c+d*Tan [e+-F*x] ) "n/(Z*a*f*m) +
1/ (2xa~2+m) »Int[ (a+bxTan[e+fxx]) " (m+1) » (c+d«Tan[e+fxx]) " (n-1) »
Simp [A* (axcxm+bxdxn) -Bx (bxcxm+axd*n) -dx (bxBx (m-n) —axAx (m+n) ) xTan [e+f*x] ,x] ,x] /3
FreeQ[{a,b,c,d,e,f,A,B},x| & NeQ[bxc-axd,0] & EqQ[a"2+b"2,0] && LtQ[m,0] & GtQ[n,0]



Rules for integrands of the form (a+b tan[e+f x])~"m (c+d tan[e+f x])~n (A+B tan(e+f x))

2: J(a+bTan[e+-Fx])m(c+dTan[e+-Fx])" (A+BTan[e+fx])dlx whenbc-ad#0 A a2+b?==0 Am<@ Any0

Derivation: Symmetric tangent recurrence 2b

Rule:lf bc-ad+0 A a?2+b2==0 Am<0 A n % 0,then

J(a+bTan[e+-Fx])'" (c+dTan[e+fx])" (A+BTan[e+fx]) dx —

n+l

(aA+bB) (a+bTan[e+fx])" (c+dTan[e+fx])

+

2fm(bc-ad)
1

—————————:[@+bTmﬂe+fﬂ)m1@+dTmﬂe+fﬂ)"M(bcm—ad(2m+n+n)+B(acm—bd(n+n)+d(Ab—am (m+n+1) Tan[e + fx]) dx
2am(bc-ad)

Program code:

Int[(a_+b_.»tan[e_.+f_.xx_])"m_x(c_.+d_.«tan[e_.+f_.#x_] )" n_«(A_.+B_.»tan[e_.+f_.»x_]),x_Symbol] :=
(a*A+bxB) * (a+b*Tan [e+f*x] ) m* (c+d*Tan [e+f*x] ) 2 (n+1)/(2*f*m* (bxc-axd) ) +
1/ (2%axmx (bxc-axd) ) xInt [ (a+b*Tan [e+-F*x] )" (m+1) (c+d*Tan [e+-F*x] ) Nx
Simp [A* (bxcxm-axd* (2x¥m+n+1) ) +Bx (axCc*m-bxd* (n+1) ) +d* (Axb-axB) » (m+n+1) *Tan [e+f*x] ,x] ,x] /3
FreeQ[{a,b,c,d,e,f,A,B,n},x]| && NeQ[bxc-a+d,0] & EqQ[a~2+b"2,0] && LtQ[m,0] && Not[GtQ[n,0]]



Rules for integrands of the form (a+b tan[e+f x])~"m (c+d tan[e+f x])~n (A+B tan(e+f x))

3: J(a+bTan[e+fx])"' (c+dTan[e+fx])" (A+BTan[e+fx]) dx whenbc-ad#0 A a2+b?==0 A c2+d*#0 A n>0

Derivation: Symmetric tangent recurrence 3a

Rule:lf bc-ad+0 A a2+b%2==0 A n> 0,then

J(a+bTan[e+-Fx])'" (c+dTan[e+fx])" (A+BTan[e+fx]) dx —

B(a+bTan[e+fx])" (c+dTan[e+fx])"

+

f (m+n)
1

J(a+bTan[e+fx])'" (c+dTan[e+1=x])"'1 (aAc (m+n) -B(bcm+adn) + (aAd (m+n) -B (bdm-acn)) Tan[e + fx]) dx
a (m+n)

Program code:

Int[(a_+b_.»tan[e_.+f_.xx_])"m_x(c_.+d_.«tan[e_.+f_.#x_] )" n_«(A_.+B_.»tan[e_.+f_.»x_]),x_Symbol] :=
Bx (a+bxTan[e+fxx])*m« (c+d«Tan[e+Ffxx])~n/(fx (m+n)) +
1/ (ax (m+n) ) »Int[ (a+bxTan[e+fxx]) mx (c+d«Tan[e+fxx])~(n-1) »
Simp [a*A*c* (m+n) -B* (bxcxm+axdxn) + (axAxd* (m+n) -Bx (bxdxm-axcxn) ) xTan [e+‘F*x] ,x] ,x] /3
FreeQ[{a,b,c,d,e,f,A,B,m},x]| && NeQ[bxc-a+d,0] & EqQ[a~2+b"2,0] & GtQ[n,0]



Rules for integrands of the form (a+b tan[e+f x])~"m (c+d tan[e+f x])~n (A+B tan(e+f x))

4: J(a+bTan[e+fx])"' (c+dTan[e+fx])" (A+BTan[e+fx]) dx whenbc-ad#0 A a2+b?==0 A c2+d*#0 A n<-1

Derivation: Symmetric tangent recurrence 3b
Rule:lf bc-ad+0 A a2+b%2==0 A n< -1,then

J(a+bTan[e+-Fx])'" (c+dTan[e+fx])" (A+BTan[e+fx]) dx —

(Ad-Bc) (a+bTan[e+fx])" (c+dTan[e+1=x])n+1
f(n+1) (c?+d?)
1

J‘(a+bTan[e+1:x])'"(c+dTan[e+1:x])"":l (A(pbdm-ac(n+1)) -B(bcm+ad (n+1)) -a (Bc-Ad) (m+n+1) Tan[e+fx]) dx
a(n+1) (c*+d?)

Program code:

Int[(a_+b_.xtan[e_.+f_.%x_])"m_x(c_.+d_.«tan[e_.+f_.#x_] )" n_«(A_.+B_.»tan[e_.+f_.xx_]),x_Symbol] :=
(Axd-Bxc) * (a+b*Tan [e+f*x] ) m* (c+d*Tan [e+f*x] ) n (n+1)/(f* (n+1) » (c”2+d”2) ) -
1/ (a* (n+1) = (c*2+d”2) ) xInt [ (a+b*Tan [e+'F*X] ) m* (c+d*Tan [e+'F*X] ) A(n+l) *
Simp [A* (bxdxm-axcx (n+1) ) -Bx (bxcxm+axdx (n+1) ) -a* (Bxc-Axd) * (m+n+1) *Tan [e+'F*x] ,x] ,x] Ve
FreeQ[{a,b,c,d,e,f,A,B,m},x| && NeQ[bxc-a+d,0] & EqQ[a~2+b"2,0] && LtQ[n,-1]



Rules for integrands of the form (a+b tan[e+f x])~"m (c+d tan[e+f x])~n (A+B tan(e+f x))

5: J(a+bTan[e+fx])'" (c+dTan[e+fx])" (A+BTan[e+fx]) dx whenbc-ad#0 A a2+b?>==0 A c2+d*#0 A Ab+aB=0

Derivation: Integration by substitution

Basis:If a2+ b2 ==0 A Ab+aB =9, then
(a+bTan[e+fx])" (A+BTan[e+ fx]) = k’f—BSubst[(aerx)m*l, X, Tan[e+fx]} OxTan[e + f x]

Rule:iff bc-ad+0© A a?+b?==0 A Ab+aB = 0,then

J(a+bTan[e+-Fx])"' (c+dTan[e+fx])" (A+BTan[e+fx])dx — bF—BSubs1:[j(a+bx)““1 (c+dx)"dx, x, Tan[e+-Fx]]

Program code:

Int[(a_+b_.vtan[e_.+f_.*x_])~m_x(c_.+d_.«tan[e_.+f_.+x_] ) n_«(A_.+B_.xtan[e_.+f_.»x_]),x_Symbol] :=
bxB/fxSubst [Int[ (a+bxx) (m-1) « (c+d*x) *n,x],X,Tan[e+f*x]] /;
FreeQ[{a,b,c,d,e,f,A,B,m,n},x]| && NeQ[bxc-axd,0] && EqQ[a"2+b"2,0] && EqQ[Axb+a+B,0]

10



Rules for integrands of the form (a+b tan[e+f x])~"m (c+d tan[e+f x])~n (A+B tan(e+f x))

6. J(a+bTan[e+fx])'" (c+dTan[e+fx])" (A+BTan[e+fx]) dx whenbc-ad#0 A a2+b%==0 A c2+d*#0 A Ab+aB#0

dx whenbc-ad#0 A a2+b%==0 A Ab+aB#0

_ (a+bTan[e+fx])" (A+BTan[e+fx])
" .r c+dTan[e+fx]

Derivation: Algebraic expansion

ice A+Bz __ Ab+aB  (Bc-Ad) (a-bz)
Basis: c+dz ~ bc+ad (bc+ad) (c+dz)

Rule:if bc-ad+0© A a?+b%>==0 A Ab+aB % 0,then

X —

(a+bTan[e+fx])'"(A+BTan[e+-Fx]) Ab+aB
d
J c+dTan[e+ fx] bc+ad

Bc-Ad J(a+bTan[e+1:x])'" (a—bTan[e+-Fx]) p

J(a+bTan[e+fx])md1x— i ad

c+dTan[e + fx]

Program code:

Int[(a_+b_.xtan[e_.+f_.xx_]) m_« (A_.+B_.+tan[e_.+f_.xx_])/(c_.+d_.xtan[e_.+f_.+x_]),x_Symbol] :=
(Axb+axB) / (bxc+axd) *xInt [ (a+b*Tan [e+'F*X] )"m,x] -
(Bxc-Axd) / (bxc+axd) xInt [ (a+b*Tan [e+f*x] ) Amx (a—b*Tan [e+f*x] )/(c+d*Tan [e+f*x] ) ,x] /3
FreeQ[{a,b,c,d,e,f,A,B,m},x| && NeQ[bxc-a+d,0] & EqQ[a~2+b"2,0] && NeQ[Axb+axB,0]

X

11



Rules for integrands of the form (a+b tan[e+f x])~"m (c+d tan[e+f x])~n (A+B tan(e+f x))

X: J(a+bTan[e+fx])r" (c+dTan[e+fx])" (A+BTan[e+fx])dx whenbc-ad#0 A a’+b*==0

Derivation: Algebraic expansion

Ba|5|:A+ Bz -- AbBaB + B (agbz)

Rule:lf bc-ad+0 A a2+b%2=0 A c?+d?+0,then

J(a+bTan[e+-Fx])"' (c+dTan[e+fx])" (A+BTan[e+fx]) dx —

Ab-aB
b

j(a+bTan[e+-Fx])'" (c+dTan[e+-Fx])"dlx+EJ‘(a+bTan[e+-Fx])m+1 (c+dTan[e+fx])"dx

Program code:

(» Int[(a_+b_.«tan[e_.+f_.#x_]) m_«(c_.+d_.xtan[e_.+f_.»x_])"n_»(A_.+B_.+tan[e_.+f_.+x_]),x_Symbol] :=
(Axb-aB) /bxInt[ (a+bsTan[e+fxx]) m« (c+d«Tan[e+fxx])"n,x]| +
B/bxInt[ (a+bxTan[e+fxx] )" (m+1) » (c+dxTan[e+Ffxx])"n,x] /;

FreeQ[{a,b,c,d,e,f,A,B,m},x| && NeQ[bxc-a+d,0] & EqQ[a~2+b"2,0] & NeQ[c"2+d"2,0] x)

12



Rules for integrands of the form (a+b tan[e+f x])~"m (c+d tan[e+f x])~n (A+B tan(e+f x))

2: J-(a+bTan[e+-Fx])m(c+dTan[e+-Fx])" (A+BTan[e+fx])dlx whenbc-ad#0 A a2+b%?==0 A Ab+aB+#0

Derivation: Algebraic expansion

Ab+aB B (a-bz)
b b

Rule:lf bc-ad+0 A a2+b2==0 A Ab+aB # 0,then

Basis:A +B z ==

J(a+bTan[e+-Fx])"' (c+dTan[e+fx])" (A+BTan[e+fx]) dx —

Ab+aB
b

j(a+bTan[e+-Fx])'" (c+dTan[e+fx])"dx- %J(a+bTan[e+fX])m (c+dTan[e+fx])" (a-bTan[e+fx]) dx

Program code:

Int[(a_+b_.xtan[e_.+f_.xx_])"m_x(c_.+d_.«tan[e_.+f_.#x_] )" n_«(A_.+B_.»tan[e_.+f_.xx_]),x_Symbol] :=
(Axb+aB) /bxInt[ (a+bxTan[e+fxx]) m« (c+d«Tan[e+fxx])"n,x]| -
B/bxInt[ (a+bxTan[e+fxx]) mx (c+dxTan[e+fxx]) n« (a-bxTan[e+fxx]),x] /;

FreeQ[{a,b,c,d,e,f,A,B,m,n},x| & NeQ[bxc-axd,0] && EqQ[a"2+b"2,0] & NeQ[Axb+axB,0]

13



Rules for integrands of the form (a+b tan[e+f x])~"m (c+d tan[e+f x])~n (A+B tan(e+f x)) 14

4. j(a+bTan[e+fx])'" (c+dTan[e+fx])" (A+BTan[e+fx])dx whenbc-ad#8 A a’+b?>#0 A c2+d*#0
1. J(a+bTan[e+-Fx])"' (c+dTan[e+fx])" (A+BTan[e+fx])dx whenbc-ad#@ A a?+b?#8 A c?+d’#@ AMEZ ANEZ A - (2Mm|2N) €Z

1: J(a+bTan[e+-Fx])"‘(c+dTan[e+-Fx])" (A+BTan[e+fx])dx whenbc-ad#@ A a?+b>#@ AMEZ ANEZ A -~ (2m|2n) €Z A A +B? == 0

Derivation: Integration by substitution
Basis: If A2 + B2 == 9,thenA + B Tan[e + f x] == ’ic—z Subst | bes X, Tan[e+fx] | oxTan[e + fx]

Rule:if bc-ad#@ Aa2+b?2+@ Am¢Z AngZ A~ (2m|2n) eZ A A%+ B? = 0,then

2 + m + n
a+bTan[e+fx])" (c+dTan[e+fx])" (A+BTan[e + fx]) dx — A—Subst (@+bx)? (c+dx)
( [ 1" ( [ 1" ( [ 1) :

dx, X, Tan[e+-Fx]]
A-BXx

Program code:

Int[(a_.+b_.«tan[e_.+f_.xx_] ) m_«(c_.+d_.stan[e_.+f_.xx_])~n_x (A_+B_.»tan[e_.+f_.»x_]),x_Symbol] :=
A~2/fxSubst [Int[ (a+bxx)"mx (c+dxx)~n/ (A-Bxx) ,X],X,Tan[e+fxx]] /;

FreeQ[{a,b,c,d,e,f,A,B,m,n},x]| & NeQ[bxc-a+d,0] && NeQ[a~2+b"2,0] & Not[IntegerQ[m]] && Not[IntegerQ[n]] &&
Not [IntegersQ[2+m,2xn]] && EqQ[A"2+B"2,0]



Rules for integrands of the form (a+b tan[e+f x])~"m (c+d tan[e+f x])~n (A+B tan(e+f x)) 15

2: J-(a+bTan[e+-Fx])m(c+dTan[e+-Fx])" (A+BTan[e+fx])dx whenbc-ad#@ A a?+b*#@ AMEZ ANEZ A -~ (2m|2n) €Z A A*+B2#0

Derivation: Algebraic expansion

AtiB (1 _ 3 z) + A48 (141 2)

Basis:A +B z == 5

Rule:if bc-ad#0@ Aa2+b2+@ Am¢gZ An¢gZ A - (2m|2n) eZ A A%+ B? £ 0,then

J(a+bTan[e+-Fx])"' (c+dTan[e+-Fx])" (A+BTan[e+-Fx]) dx —
A+1B
2

A -

j(a+bTan[e+-Fx])"' (c+dTan[e+fx])" (1-4Tan[e+Ffx]) dx+ B[(a+bTan[e+-Fx])'" (c+dTan[e+fx])" (1+4Tan[e+fx]) dx

Program code:
Int[(a_.+b_.«tan[e_.+f_.#x_] ) m_#(c_.+d_.xtan[e_.+f_.xx_])~n_x(A_.+B_.+tan[e_.+f_.+x_]),x_Symbol] :=
(A+IxB) /2+Int[ (a+bxTan[e+fxx]) mx (c+dxTan[e+fxx]) nx (1-I«Tan[e+fxx]),x]| +
(A-I#B)/2xInt[(a+bxTan[e+fxx])"m« (c+dxTan[e+fxx]) nx (1+IxTan[e+fxx]),x] /;

FreeQ[{a,b,c,d,e,f,A,B,m,n},x]| & NeQ[bxc-axd,0] && NeQ[a"2+b"2,0] & Not[IntegerQ[m]] && Not[IntegerQ[n]] &&
Not [IntegersQ[2xm,2xn]] && NeQ[A"2+B"2,0]

2. J(a+bTan[e+fx])'" (c+dTan[e+fx])" (A+BTan[e+fx])dlx whenbc-ad#0 A a2+b2#0 A c2+d?#0 Am>1
1. J(a+bTan[e+-Fx])'"(c+dTan[e+-Fx])" (A+BTan[e+-Fx])d1x whenbc-ad#0 A a2+b?#0 A c2+d?#0 Am>1 An<-1

1: J(a+bTan[e+-Fx])2 (c+dTan[e+-Fx])" (A+BTan[e+-Fx])dlx whenbc-ad#0 A a2+b%?#0 A c2+d?>#0 A n<-1

Derivation: Tangent recurrence lawithA - aA, B->Ab+aB, C>bB, m->m-1
Note: The term produced by this optional rule is slightly simpler than the one produced by the following rule.

Rule:if bc-ad+0 A a?+b?>+0 A c?+d?>+0 A n< -1,then



Rules for integrands of the form (a+b tan[e+f x])~"m (c+d tan[e+f x])~n (A+B tan(e+f x)) 16

J\(a+bTan[e+-Fx])2 (c+dTan[e+fx])" (A+BTan[e+fx])dx —

(Bc-Ad) (bc-ad)? (c+dTan[e+fx])"* 1

- + J(c+dTan[e+-Fx])"+1-

fd? (n+1) (c2+d2) d (C2+d2)
(B(bc-ad)?+Ad (a®c-b*c+2abd) +d (B (a®c-b*c+2abd) +A(2abc-a’d+b>d)) Tan[e+fx] +b?B (c*+d?) Tan[e + fx]?) dx

Program code:

Int[(a_.+b_.«tan[e_.+f_.#x_])"2x(c_.+d_.xtan[e_.+f_.*x_])"n_»(A_.+B_.xtan[e_.+Ff_.#x_]),x_Symbol] :=
- (BxC-Axd) » (bxc-axd) "2x (c+dxTan [e+fxx]) A (n+1) /(Fxd" 2% (n+1) » (c"2+4d"2) ) +
1/ (d* (c”2+d”2)) *Int [ (c+d*Tan [e+'F*X] ) A(n+l) *
Simp [B* (bxc-axd) *2+Axd* (a”2xc-b*2xc+2+axbxd) +d* (Bx (a”"2xc-b*2xc+2xaxbxd) +Ax (2xaxbxc-a”2xd+b”2xd) ) xTan [e+f*x] +b"2xBx (c*2+d”*2) xTan [e+'F*x] n2
FreeQ[{a,b,c,d,e,f,A,B},x| & NeQ[bxc-axd,0] & NeQ[a"2+b"2,0] && NeQ[c"2+d"2,0] && LtQ[n,-1]



Rules for integrands of the form (a+b tan[e+f x])~"m (c+d tan[e+f x])~n (A+B tan(e+f x)) 17

2: j(a+bTan[e+-Fx])"'(c+dTan[e+-Fx])" (A+BTan[e+-Fx])dlx whenbc-ad#0 A a2+b?#0 A c2+d*#0 Am>1 A n<-1

Derivation: Tangent recurrence lawithA - aA, B->Ab+aB, C>bB, m>m-1

Rule:lf bc-ad+0 A a?+b?2+20 A c?2+d>+0 Am>1 A n< -1,then

J\(a+bTan[e+-Fx])rn (c+dTan[e+fx])" (A+BTan[e+fx])dx —

n+l

(bc-ad) (Bc-Ad) (a+bTan[e+-Fx])'"'1 (c+dTan[e+fx]) 1

J(a+bTan[e+1:x])'"'2 (c+dTan[e+-Fx])"+1-
df (n+1) (C2+d2) d(n+1) (c2+d2)

(aAd (bd (m-1) -ac (n+1)) + (bBc- (Ab+aB)d) (bc(m-1) +ad (n+1)) -
d((aA-bB) (bc-ad) + (Ab+aB) (ac+bd)) m+1)Tmﬂe+fx]-b(d(Abc+ch-aAd)(m+n)-bB(&(m-1)-&(n+1”)Tanh+fxr)dx

Program code:

Int[(a_.+b_.«tan[e_.+f_.#x_] ) m_#(c_.+d_.xtan[e_.+f_.»x_])~n_»(A_.+B_.+tan[e_.+f_.+x_]),x_Symbol] :=
(bxc-axd) x (Bxc-Axd) * (a+b*Tan [e+'F*X] )" (m-1) = (c+d*Tan [e+'F*X] ) & (n+1)/(d*f* (n+1) » (c*2+d”*2) ) -
1/ (d* (n+1) * (c*2+d"2) ) »Int [ (a+b*Tan [e+f*x] ) A(m-2) % (c+d*Tan [e+f*x] )" (n+1) =
Simp [a*A*d* (bxd% (m-1) -a*c* (n+1) ) + (bxBxc- (Axb+axB) *d) * (bxcx (m-1) +axd* (n+1) ) -
dx ( (a*A-bxB) » (bxc-axd) + (Axb+axB) x (axc+bxd) ) » (n+1) *Tan [e+f*x] -
bx (dx (Axbxc+axBxc-axAxd) » (m+n) -b*Bx (c*2* (m-1) -d*2% (n+1)) ) *Tan [e+'F*X] "2,X] ,X] /3
FreeQ[{a,b,c,d,e,f,A,B},x| & NeQ[bxc-axd,0] & NeQ[a"2+b"2,0] && NeQ[c"2+d"2,0] && GtQ[m,1] & LtQ[n,-1] &&
(IntegerQ[m] || IntegersQ[2xm,2xn])



Rules for integrands of the form (a+b tan[e+f x])~"m (c+d tan[e+f x])~n (A+B tan(e+f x)) 18

2. J(a+bTan[e+-Fx])m(c+dTan[e+-Fx])" (A+BTan[e+fx])dlx whenbc-ad#0 A a2+b?>#0 A c2+d*#0 Am>1 An¢-1

(a+bTan[e+-Fx])2 (A+BTan[e+fx])
1:J dx whenbc-ad#0 A a2+b%2#0 A c2+d*#0

c+dTan[e+fx]

Derivation: Tangent recurrence 2awithA - aA, B->Ab+aB, C>bB, m->m-1
Note: The term produced by this optional rule is slightly simpler than the one produced by the following rule.

Rule:lf bc-ad+0 A a2+b2+0 A c?+d? +0,then

J-(a+bTan[e+fx])2 (A+BTan[e+fx]) ix

c+dTan[e+-Fx]

b’BTan[e+fx] 1 1
=
il

(a®Ad-b’Bc+ (2aAb+B (a®-b?)) dTan[e+fx] + (Ab>d-bB (bc-2ad)) Tan[e + fx]?) dx
df c+dTan[e+ fx]

Program code:
Int[(a_.+b_.«tan[e_.+f_.xx_])~2x (A_.+B_.xtan[e_.+f_.«x_])/(c_.+d_.+tan[e_.+f_.+x_]),x_Symbol] :=
b~2xBxTan [e+f*x]/(d*f) +

1/d*Int [ (a"2*A*d—b"2*B*c+ (2xaxAxb+Bx (a”2-b"2) ) xdxTan [e+'F*X] + (Axb"2xd-b%xBx (bxc-2xaxd) ) *xTan [e+'F*X] "2)/(c+d*Tan [e+'F*X] ) ,x] /3
FreeQ[{a,b,c,d,e,f,A,B},x| && NeQ[bxc-a+d,0] && NeQ[a~2+b"2,0] && NeQ[c"2+d"2,0]

2: J(a+bTan[e+fX])"‘(c+dTan[e+-Fx])" (A+BTan[e+-Fx])d1x whenbc-ad#0 A a2+b?#0 A c2+d?2#0 Am>1 An¢-1

Derivation: Tangent recurrence 2a withA - aA, B->Ab+aB, C>bB, m>m-1

Rule:lf bc-ad+0 A a?+b?2+#0 A c?2+d>+0 Am>1 A n¢ -1,then

J(a+bTan[e+-Fx])"' (c+dTan[e+fx])" (A+BTan[e+fx]) dx —



Rules for integrands of the form (a+b tan[e+f x])~"m (c+d tan[e+f x])~n (A+B tan(e+f x))

bB(a+bTan[e+1‘x])""1 (c+dTan[e+1=x])“+1 1
+

bT £x])"? (c+dT fx])"-
af mem S J(a+ an[e+fx])"" (c+dTan[e+fx])

ﬁzAd(m+n)-bB(bc(m-1)+ad(n+1))+d(m+n)(2aAb+B(a2-bﬂ)Tanp+fx]-(bB(bc-ad)(m-1)-b(Ab+aB)d(m+n))Tmﬂe+fxr)dx

Program code:

Int[(a_.+b_.+tan[e_.+f_.#x_] ) m_«(c_.+d_.xtan[e_.+f_.*x_])~n_»(A_.+B_.+tan[e_.+f_.+x_]),x_Symbol] :=
bxBx (a+b*Tan [e+'F*X] ) A(m-1) » (c+d*Tan [e+'F*X] ) 2 (n+1)/(d*f* (m+n) ) +
1/ (d* (m+n) ) *Int [ (a+b*Tan [e+'F*x] ) A(m-2) % (c+d*Tan [e+f*x] )"n*
Simp [a"Z*A*d* (m+n) -b*Bx (bxc* (m-1) +a*dx (n+1) ) +
d* (m+n) * (2xaxAxb+B* (a*2-b”2) ) xTan [e+-F*x] -
(bxBx (bxc-axd) * (m-1) -bx (Axb+a%B) xd* (m+n) ) xTan [e+f*x] "Z,X] ,x] /3
FreeQ[{a,b,c,d,e,f,A,B,n},x| && NeQ[bxc-a+d,0] & NeQ[a~2+b"2,0] && NeQ[c"2+d"2,0] && GtQ[m,1] &&
(IntegerQ[m] || IntegersQ[2xm,2xn]) &&% Not[IGtQ[n,1] && (Not[IntegerQ[m]] || EqQ[c,0] && NeQ[a,0])]

19



Rules for integrands of the form (a+b tan[e+f x])~"m (c+d tan[e+f x])~n (A+B tan(e+f x)) 20

3. J(a+bTan[e+fx])'" (c+dTan[e+fx])" (A+BTan[e+fx]) dx whenbc-ad#0 A a2+b%2#0 A c2+d*#0 A m<-1

1: J(a+bTan[e+-Fx])"'(c+dTan[e+-Fx])" (A+BTan[e+-Fx])d1x whenbc-ad#0 A a2+b?>#0 A c2+d?2#0 Am<-1 A0O<n<1

Derivation: Tangent recurrence 1b with C - ©
Derivation: Tangent recurrence 3awithA - Ac, B-Bc+Ad, C-Bd, n>n-1

Rule:if bc-ad+0 A a?2+b2+0@ A c2+d?#20 Am< -1 A 0@<nc<1,then

J(a+bTan[e+-Fx])"‘ (c+dTan[e+fx])" (A+BTan[e+fx]) dx —

(Ab-aB) (a+bTan[e+1=x])'"+1 (c+dTan[e+fx])"

+

f(m+1) (a%+b?)
1

a+bTan[e+fx])™ (c+dTan[e+fx])"".
b (m+1) (a®+b?) J‘( ' Lo+ Fx])™ (e [e+#x])

(bB (bc (m+1) +adn) +Ab (ac (m+1) -bdn) -b (A(bc-ad) -B(ac+bd)) (m+1) Tan[e+fx| -bd (Ab-aB) (m+n+1) Tan[e+fx]2) dix

Program code:
Int[(a_.+b_.«tan[e_.+f_.#x_] ) m_#(c_.+d_.xtan[e_.+f_.»x_])~n_(A_.+B_.+tan[e_.+f_.+x_]),x_Symbol] :=
(A*b—a*B)*(a+b*Tan[e+f*x])A(m+1)*(c+d*Tan[e+f*x])An/(f*(m+1)*(aA2+bA2)) +
1/ (b* (m+1) = (a*2+b”2) ) xInt [ (a+b*Tan [e+'F*X] ) A(m+l) * (c+d*Tan [e+'F*X] )" (n-1) %

Simp [b*B* (bxc* (m+1) +axdxn) +Axbx (axc* (m+1) -bxdxn) -bx (Ax (bxc-axd) -Bx (axc+bxd) ) * (m+1) *Tan [e+'F*x] -bxd* (Axb-axB) * (m+n+1) *Tan [e+'F*x] "Z,X] ,x] J
FreeQ[{a,b,c,d,e,f,A,B},x| & NeQ[bxc-axd,0] & NeQ[a"2+b"2,0] && NeQ[c"2+d"2,0] && LtQ[m,-1] & LtQ[0,n,1] & (IntegerQ[m] || IntegersQ[2xm,2xr

2: j(a+bTan[e+fx])'"(c+dTan[e+-Fx])" (A+BTan[e+-Fx])dlx whenbc-ad#0 A a2+b2#0 A c2+d’#0 Am<-1An30

Derivation: Tangent recurrence 3awithC - @

Rule:lf bc-ad+0 A a?+b>+0 A c?+d*>+0 A m< -1,then



Rules for integrands of the form (a+b tan[e+f x])~"m (c+d tan[e+f x])~n (A+B tan(e+f x))

J~(a+bTan[e+-Fx])rn (c+dTan[e+fx])" (A+BTan[e+fx])dx —

b (Ab-aB) (a+bTan[e+-Fx])"1+1 (c+dTan[e+-Fx])"+1

+

f(m+1) (bc-ad) (a’+b?)
1

a+bTan[e+fx])™' (c+dTan[e+fx])".
(m+1) (bc-ad) (a+b?) JK [ 1™ | [ 1)

(bB(bc(m+1)+ad(n+1))+A(a(bc-ad)(m+1)-b2d(m+n+2))-(Ab-aB)(bc-ad)(m+1)Tanh+fx]-bd(Ab-aB)(m+n+2)Tmﬂe+fxr)dx

Program code:

Int[(a_.+b_.«tan[e_.+f_.xx_])"m_x(c_.+d_.«tan[e_.+f_.+x_])~n_x(A_.+B_.xtan[e_.+f_.#x_]),x_Symbol] :=
bx (Axb-axB) * (a+b*Tan [e+‘F*x] )" (m+1) % (c+d*Tan [e+f*x] ) A (n+1)/(-F* (m+1) » (bxc-axd) x (a”*2+b"2) ) +
1/ ((m+1) » (bxc-axd) * (a*2+b~2) ) +Int [ (a+bxTan[e+fxx]| )~ (m+1) « (c+dxTan[e+fxx] ) ~n«
Simp [b*B* (bxcx (m+1) +axd* (n+1) ) +Ax (a* (bxc-a*d) * (m+1) -b*"2xd* (m+n+2)) -
(Axb-axB) * (bxc-axd) x (m+1) xTan [e+‘F*x] -
bxdx (Axb-axB) * (m+n+2) *xTan [e+f*x] "2,x] ,x] /3
FreeQ[{a,b,c,d,e,f,A,B,n},x]| && NeQ[bxc-a+d,0] & NeQ[a~2+b"2,0] & NeQ[c"2+d"2,0] && LtQ[m,-1] & (IntegerQ[m] || IntegersQ[2sm,2xn]) &&
Not [ILtQ[n,-1] && (Not[IntegerQ[m]] || EqQ[c,0] && NeQ[a,@])]

21



Rules for integrands of the form (a+b tan[e+f x])~"m (c+d tan[e+f x])~n (A+B tan(e+f x))

4: J(a+bTan[e+fX])"‘(c+dTan[e+fx])" (A+BTan[e+fx])d1x whenbc-ad#0 A a2+b?2#0 A c2+d?#0 A@<m<1 AO<n<1

Derivation: Tangent recurrence 2awithA - Ac, B-Bc+Ad, C-»Bd, n>n-1
Derivation: Tangent recurrence 2b withA - aA, B~ Ab+aB, C>bB, m>m-1

Rule:if bc-ad+0 A a?+b?220 Ac?+d?#0@ AB<m<1 A O<n<1,then

J(a+bTan[e+-Fx])"' (c+dTan[e+fx])" (A+BTan[e+fx]) dx —

B (a+bTan[e+-Fx])"' (c+dTan[e+-Fx])n
+

f (m+n)

: J‘(a+bTan[e+Fx])m'1 (c+dTan[e+fx])"*".

m+n
(aAc (m+n) -B(bcm+adn) + (Abc+aBc+aAd-bBd) (m+n) Tan[e+fx] + (Abd (m+n) +B(adm+bcn))Tan[e+-Fx]2) dx

Program code:

Int[(a_.+b_.«tan[e_.+f_.#x_] ) m_#(c_.+d_.xtan[e_.+f_.xx_])~n_(A_.+B_.+tan[e_.+f_.+x_]),x_Symbol] :=
Bx (a+bxTan [e+fxx] ) m« (c+d+Tan[e+Ffxx])~n/(fx (m+n)) +
1/ (m+n) »Int[ (a+bxTan[e+fxx])~ (m-1) x (c+d«Tan[e+fxx]) " (n-1) »
Simp [a*A*c* (m+n) -B* (bxcxm+axdxn) + (Axbxc+axBxc+axAxd-bxBxd) » (m+n) xTan [e+'F*X] + (Axbxdx* (m+n) +Bx (axd*m+bxcxn) ) xTan [e+‘F*X] "2,X] ,X] /3
FreeQ[{a,b,c,d,e,f,A,B},x| & NeQ[bxc-axd,0] & NeQ[a"2+b"2,0] && NeQ[c"2+d"2,0] && LtQ[@,m,1] & LtQ[0,n,1]

22



Rules for integrands of the form (a+b tan[e+f x])~"m (c+d tan[e+f x])~n (A+B tan(e+f x))

(c+dTan[e+fx])" (A+BTan[e+fx])
S.J dx whenbc-ad#0 A a2+b?#0 A c2+d?#0

a+bTan[e+-Fx]

dx whenbc-ad#0 A a2+b%2#0 A c2+d?#0

N J A+BTan[e+ fx]
(a+bTan[e+fx]) (c+dTan[e+fx])
Derivation: Algebraic expansion

A+B z __ B(bcrad)+A (ac-bd) " b (Ab-aB) (b-az) n d (Bc-Ad) (d-cz)
(a+bz) (c+d z) (a2+b?) (c?+d?) (a2+b?) (bc-ad) (a+bz) (bc-ad) (c?+d?) (c+dz)

Basis:

Rule:if bc-ad+0 A a2+b%+0 A c?+d?+0,then

dx —

A+BTan[e+fx]
J

a+bTan[e+fx]) (c+dTan[e+fx])

(B(bc+ad) +A (ac-bd)) x b (Ab-aB) b-aTan[e+ fx] d (Bc-Ad) d-cTan[e+fx]
+ J~ dx + J~ dx

(a2 + b?) (c*+d?) (bc-ad) (a®>+b?) Ja+bTan[e+fx] (bc-ad) (c*+d*) J c+dTan[e+fx|

Program code:

Int[(A_.+B_.«tan[e_.+f_.+x_])/((a_+b_.+tan[e_.+f_.+x_])*(c_.+d_.+tan[e_.+f_.+x_])),x_Symbol] :=
(Bx (bxc+axd) +Ax (axc-bxd) ) *x/ ( (a”2+b”"2) » (c*2+d"*2)) +
bx (Axb-axB) / ( (bxc-axd) x (a*2+b”2) ) xInt [ (b—a*Tan [e+f*x] )/(a+b*Tan [e+f*x] ) ,x] +
dx (Bxc-Axd) / ((bxc-axd) » (c"2+d"2) ) +Int[ (d-cxTan[e+fxx])/(c+d«Tan[e+fxx]),x] /;
FreeQ[{a,b,c,d,e,f,A,B},x| & NeQ[bxc-axd,0] & NeQ[a"2+b"2,0] && NeQ[c"2+d"2,0]
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Rules for integrands of the form (a+b tan[e+f x])~"m (c+d tan[e+f x])~n (A+B tan(e+f x))

dx whenbc-ad#0 A a2+b2#0 A c2+d?>#0

). \J’\/c+dTan[e+fx] (A+BTan[e+fx])

a+bTan[e+-Fx]

Derivation: Algebraic expansion

Basis: Mc+dz (A+Bz) __ A(acsbd)+B (bc-ad)-(A(bc-ad)-B(ac+bd))z _ (bc-ad) (Ba-Ab) (1+2°)
a+bz (a2+b?) Vc+d z (a2+b?) (a+bz) \/c+dz

Rule:if bc-ad+0 A a2+b?+0 A c?+d?+0,then

J’\/c+dTan[e+fX] (A+BTan[e+fx])

dx —
a+bTan[e+-Fx]
1 “[A(ac+bd)+B(bc—ad)—(A(bc—ad)—B(ac+bd))Tmﬂe+fX] (bc—ad)(Ba—Ab)vf 1+Tan[e+fx]2
dx - dx
a% +b? »\/c+dTan[e+-FX] a’ + b? (a+bTan[e+-Fx])'\/c+dTan[e+'FX]

Program code:

Int[Sqrt[c_.+d_.«tan[e_.+f_.xx_]]»(A_.+B_.xtan[e_.+f_.xx_])/(a_.+b_.xtan[e_.+f_.+x_]),x_Symbol] :=
1/ (a”2+b”2) xInt [Simp [A* (axC+bxd) +Bx (bxc-axd) - (Ax (bxc-axd) -Bx (axc+bxd) ) *Tan [e+'F*x] ,x] /Sqrt [c+d*Tan [e+'F*x] ] ,x] -
(bxc-axd) » (Bxa-Axb) / (a*2+b"2) xInt[ (1+Tan[e+f+x]~2) /((a+bxTan[e+fxx]) +Sqrt[c+d+Tan[e+fxx]]),x] /;
FreeQ[{a,b,c,d,e,f,A,B},x| & NeQ[bxc-axd,8] & NeQ[a"2+b"2,0] && NeQ[c"2+d"2,0]

dx whenbc-ad#0 A a2+b?#0 A c2+d?>#0

N J(c+dTan[e+-Fx])" (A+BTan[e+fx])

a+bTan[e+-Fx]

Derivation: Algebraic expansion

Basis: AtBz __ aAibB (Ab-aB)z D (Ab-aB) (1.2
“a+bz aZ+b? <a2+b2) (a+b z)

Rule:if bc-ad+0 A a2+b%+0 A c?+d?+0,then
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Rules for integrands of the form (a+b tan[e+f x])~"m (c+d tan[e+f x])~n (A+B tan(e+f x))

(c+dTan[e+fx])" (A+BTan[e+fx])
J dx —
a+bTan[e+-Fx]

b (Ab-aB) J-(c+dTan[e+-Fx])" (1+Tan[e+-Fx]2)
dx

J(c+dTan[e+-Fx])" (aA+bB- (Ab-aB) Tan[e+fx]) dx +
a? + b?

a? + b2 a+bTan[e+fx]

Program code:

Int[(c_.+d_.«tan[e_.+f_.+x_])~n_x(A_.+B_.«tan[e_.+f_.+x_])/(a_.+b_.+tan[e_.+f_.xx_]),x_Symbol] :=
1/ (a*2+b"2) +Int [ (c+dxTan[e+fxx] ) nxSimp[axA+bxB- (Axb-axB) xTan[e+fxx],x],x] +
bx (Axb-axB) / (a*2+b"2) xInt[ (c+d«Tan[e+fxx])~n« (1+Tan[e+fxx] ~2)/(a+bxTan [e+Fxx]),x] /;
FreeQ[{a,b,c,d,e,f,A,B,n},x]| && NeQ[bxc-a+d,0] & NeQ[a"2+b"2,0] & NeQ[c"2+d"2,0]

dx whenbc-ad#0 A a2+b?#0 A c2+d?>#0

6. JJa+bTan[e+fx] (A+BTan[e+fx])

\/c+dTan[e+-Fx]

Derivation: Algebraic expansion

; - bB (1+2?)
Basis:\/a+bz (A+Bz) -- 28A-bBr(AbvaB)z |
\/7 ( ) \Ja+bz \a+bz

Note: This rule should be generalized for all integrands of the form /a+bTan[e+fx] (c+dTan[e+fx])" (A+BTan[e+£x]) When
Ab-aB+0 A a%+b%zo0.

Rule:if bc-ad+0 A a2+b%+0 A c?+d?+0,then

J\\/a+bTan[e+fX] (A+BTan[e+fx]) J aA-bB+ (Ab+aB) Tan[e + x|
dx —
Nz

\/c+dTan[e+-Fx]

1+Tan[e+-Fx]2
dx +bB dx

+bTan[e+-Fx] \/c+dTan[e+-Fx] \/a+bTan[e+-Fx] \/c+dTan[e+-Fx]

Program code:

Int[Sqrt[a_.+b_.xtan[e_.+f_.4x_]]*(A_.+B_.+tan[e_.+f_.*x_])/Sart[c_.+d_.+tan[e_.+f_.+x_]],x_Symbol] :=
Int[Simp [aA-b#B+ (Axb+axB) xTan[e+fxx] ,x]/(Sqr't [a+bxTan[e+fxx] ]| +Sqrt[c+d«Tan[e+fxx]]),x] +
bxBxInt[ (1+Tan[e+fxx]"2)/(Sqrt[a+bsTan[e+fxx]]+Sqrt[c+d«Tan[e+f+x]]),x] /;

FreeQ[{a,b,c,d,e,f,A,B},x| & NeQ[bxc-axd,0] & NeQ[a"2+b"2,0] && NeQ[c"2+d"2,0]



Rules for integrands of the form (a+b tan[e+f x])~"m (c+d tan[e+f x])~n (A+B tan(e+f x))

A+BTan[e+-Fx]
X. dx whenbc-ad#0 A a2+b?#0 A c2+d?#0

'\/a+bTan[e+-Fx] \/c+dTan[e+fx]

A+BTan[e+-Fx]

dx whenbc-ad#0 A a2+b>#0 A c2+d*#0 A A2+B2==0

\/a+bTan[e+fx] \/c+dTan[e+fx]
Derivation: Integration by substitution
Basis: If A2 + B2 == 9,thenA + BTan[e + f x] = ’ic—z Subst { A_lm, X, Tan[e + f x] } OxTan[e + f x]

Rule:lf bc-ad+0 A a?+b?2+0 A c2+d?>+0 A A%+ B? == 9, then

A+BTan[e+-Fx] 4 AsztJ 1
X — — Subs
(A-Bx) YVa+bx Vc+dx

dx, X, Tan[e+fx]]
\/ f
a+bTan[e+fx] \/c+dTan[e+fx]

Program code:

(» Int[(A_.+B_.«tan[e_.+f_.+x_])/(Sart[a_.+b_.«tan[e_.+f_.+x_]]*Sqrt[c_.+d_.xtan[e_.+f_.+x_]]),x_Symbol] :=
A~2/fxSubst [Int[1/ ( (A-BxX) *Sqrt [a+bxx] +Sqrt[c+d+x]),X],X,Tan[e+f+x]] /;
FreeQ[{a,b,c,d,e,f,A,B},x]| & NeQ[bxc-axd,0] & NeQ[a"2+b"2,0] && NeQ[c"2+d"2,0] && EQQ[A"2+B"2,0] x)
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Rules for integrands of the form (a+b tan[e+f x])~"m (c+d tan[e+f x])~n (A+B tan(e+f x))

A+BTan|e+fXx
[ ] dx whenbc-ad#0 A a2+b?>#0 A c2+d?2#0 A A2+B%#0

\/a+bTan[e+fx] \/c+dTan[e+-Fx]

Derivation: Algebraic expansion
Basis:A + B z == % (1-12z) + % (1+1 2z)

Rule:lf bc-ad+0 A a?+b2+0 A c2+d?>+0 A A% +B? #0,then

A+BTan[e+fx] A+iB 1—:'1Tan[e+fx] A-iB 1+:‘1Tan[e+fx]

dx — dx +

\/a+bTan[e+fx] \/c+dTan[e+fx] 2 \/a+bTan[e+fx] \/c+dTan[e+-Fx] \/a+bTan[e+fx] \/c+dTan[e+-Fx]

Program code:

(» Int[(A_.+B_.xtan[e_.+f_.+x_])/(Sart[a_.+b_.+tan[e_.+f_.xx_]]+Sqrt[c_.+d_.+tan[e_.+f_.+x_]]),x_Symbol] :=
(A+IxB) /2xInt[ (1-I«Tan[e+fxx])/(Sqrt[a+bsTan[e+fxx]]+Sqrt[c+d+Tan[e+fsx]]),x] +
(A-IxB)/2xInt[(1+Ix«Tan[e+fxx])/(Sqrt[a+bsTan[e+fxx]]+Sqrt[c+d«Tan[e+f+x]]),x] /;

FreeQ[{a,b,c,d,e,f,A,B},x| & NeQ[bxc-axd,0] & NeQ[a"2+b"2,0] && NeQ[c"2+d"2,0] && NeQ[A"2+B"2,0] x)

dx
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Rules for integrands of the form (a+b tan[e+f x])~"m (c+d tan[e+f x])~n (A+B tan(e+f x))

7. J(a+bTan[e+fx])'" (c+dTan[e+fx])" (A+BTan[e+fx]) dx whenbc-ad#0 A a2+b%2#20 A c2+d*>+#0

1: J(a+bTan[e+-Fx])'" (c+dTan[e+-Fx])n (A+BTan[e+-Fx]) dx whenbc-ad#0 A a2+b?#0 A A2+B2==0

Derivation: Integration by substitution
Basis: If A2 + B2 == ©,thenA + BTan[e + f x] == ’ic—z Subst| =—, x, Tan[e + fx] | OxTan[e + f x]

Rule:if bc-ad+0 A a2+b%?+0 A A%+ B? == 9, then

2 b m d n
J(a+bTan[e+fx])'"(c+dTan[e+-Fx])"(A+BTan[e+-Fx])d1x—> A?Subst[J(a+ X)” (c+dx)

dx, X, Tan[e+-Fx]]
A-BXx

Program code:

Int[(a_.+b_.«tan[e_.+f_.#x_] ) m_#(c_.+d_.»tan[e_.+f_.xx_])~n_(A_.+B_.+tan[e_.+f_.+x_]),x_Symbol] :=
A~2/fxSubst [Int[ (a+bxx)"m# (c+d#Xx)~n/ (A-B#X),X],X,Tan[e+f*x]] /;
FreeQ[{a,b,c,d,e,f,A,B,m,n},x] & NeQ[bxc-axd,0] && NeQ[a~2+b"2,0] && EqQ[A"2+B"2,0]
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Rules for integrands of the form (a+b tan[e+f x])~"m (c+d tan[e+f x])~n (A+B tan(e+f x))

2: J-(a+bTan[e+-Fx])m(A+BTan[e+-Fx]) (c+dTan[e+-Fx])"d1x whenbc-ad#0 A a2+b>#0 A A2+B%2#0

Derivation: Algebraic expansion

AlB(1-iz) + A8 (1+12)

Rule:if bc -ad+0 A a2+b?+0 A A% +B? # 0, then

Basis:A +B z ==

J(a+bTan[e+-Fx])"' (c+dTan[e+-Fx])" (A+BTan[e+-Fx]) dx —
A+1B
2

A -

j(a+bTan[e+-Fx])"' (c+dTan[e+fx])" (1-4Tan[e+Ffx]) dx+ BJh(a+bTan[e+-Fx])rn (c+dTan[e+fx])" (1+4Tan[e+fx]) dx

Program code:

Int[(a_.+b_.«tan[e_.+f_.#x_] ) m_#(c_.+d_.xtan[e_.+f_.xx_])~n_x(A_.+B_.+tan[e_.+f_.+x_]),x_Symbol] :=
(A+IxB) /2+Int[ (a+bxTan[e+fxx]) mx (c+dxTan[e+fxx]) nx (1-I«Tan[e+fxx]),x]| +
(A-I#B)/2xInt[(a+bxTan[e+fxx])"m« (c+dxTan[e+fxx]) nx (1+IxTan[e+fxx]),x] /;

FreeQ[{a,b,c,d,e,f,A,B,m,n},x]| & NeQ[bxc-a+d,0] && NeQ[a"2+b"2,0] & NeQ[A"2+B"2,0]
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